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INSTITUTE FOR IAS/!FoS EXAMINATION 
NEW DELHI-110009 
Mob: 09999197625 


Gradient, Divergence and 


§ I. Partial DeriY»ti Yes of Vectors. * 

Suppose r is a vector depending on more than, one scalar 
variable. Let x—t(x,yi x z)H:e. Isf V b<e 4-fuivciion Of three scalar 
-variables x, y and z. The partial deiivaliye of r with- respect to x 
is defined as - 

dr -Iim . f(x+Sx, y,.z)—f(.y, y, z ) - 

9r’"lr->0 - ox . . 

if this Han't exists. Thus6r/3x.is nothing bat the ordinary deri¬ 
vative of r with respect to x provided the other variables y and z 
are regarded as constants. Similarly \ve may define the partial 

. ... dr- , dr . 

. derivatives — and — . 

• dy dz . _ 

Higher-partial derivatives can .also be defined as .in Scalar 
Calculus. Thus, for example. 

a? 

a 2 r 


3!r _ dj/dr Y -3V-—3 ( 0r \ ,g2^- 3 /3r-V- 
3x 2 — 3x 13x J ’ 3y 2 ' 3y V 3p / ' 3 z 2_ 3z \3.z/ 
__3_ /3r\ 3 2 r . 9 /3r-Y. 

3x <3y~3x \3jy' dydx~~dy\dH. 


A. 


If r,has continuous partial, derivatives of the second order at 


least, then,. 


3 2 r- 


3 2 r 


x -• 

the order of differentiation is imma- 


dx dy dy 

terial. If r==f (x. y, z) the total differential' dr of.r is given by 

, - 3r 3r 0r 
«r— x-.nx-f — dy+— dz. 

- dx dy dz _ 


§ 2. The Vector Differential Operator Del, (y). 

The vector differential operator y (read as <2ei or nabla) is 
.defined as - 


• 3 3 .... 3 , 3 , . 3 , , 3 

. H"—J7P.5- h—1 —— 

3x 3y t - 3x dy dz 


and operates distributivclv. 
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, ' VECTORS MADE E^SY 

The vector operator v can generally be. treated t b behave as 
an ordinary vector. It possesses properties like ordinary vectors. 
D 3 3 

The symbols —, —, c an be treated a.s its components along 

. ’ ct 

ax j. k -„ ^ ; • 

■ §3. Gradient of a scalar Field. Definition. 

Let ffx,y,z) be defined and differentiable at each point 
fx, y, z) in a certain region of space (i.e.. defines a differentiable 
scalar field). Then the gradient of f, written as y/ or grad f is. 
defined as ■ ' 

[Kerala_ 1975; Allahabad 79] 

It should be noted that f is a vector whose three successive 
of 6 )f—- 3 if 

components are , and —. Thus . the gradient of a' scalar’^ 

field defines a vector field. If f a scalar point function, then xjf 
is a vector point function . 1 

"§ 4. Formulas involving gradient. 

Theorem 1 . Gradient of the sum of two scalar point functions. 

If f and g ark two scalar point functions , then 

gradff^\-g}=grad f-\-grcd g 

or V-(/+g r ) — vf+vg. 

Proof. We have V k^j (/+^) 


(/+*)+lL 1 (ffg) ■ 


.3 


'3x 


£7^ 


3z 


d l+i d A +l ? l^A+ k V 'cg- 

ax 71 dx^ 1 dy+ } dy + k ff+ k ^ 


J.i d £ +] V + ffff\ r Bg dg dg\ 
{ dx^hy^ . Zz)f l fr: +i: dy +k dz) 


dx 

',°lX i|+k|{l 

S +j |; +k I) /+ (‘|-+i 1+ k £) ? 

' “V/+V^^gi ; a3/-Irgrad^. 

. v Similarly, we can prove that y (f—g) = yf—\>g. 

Theorem 2. 'Gradient of a constant. The .necessary and suffi¬ 
cient condition for a scalar point function to be constant is that 

vf--~- 0 . . ' 


-I 

’ i m 

ff _ 
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GRADIENT, DIVERGENCE AND CURL 

. Proof, tf f(x, y, z) is constant, then 

= 0 . 


2- 


o C-o 

3jc. 3/-. '3z 


Therefore grad/=i§t-bj —-d-k~ r =Oi.-{-Oj+Ok=0. 
■* ■ ox oy dz ••• 


Hence the.cdijdition Is necessary. 


Cdnyerseiy, Jet grad /=0; Then i j J^-bk ~-~Q. 

dx 3 y- dz ” .. 


Therefore 

.dx dy dz- 


.'. /must be independent of x, 7 .and z.; 

.’. / must be a constant. Hence the condition is' sufficient. 

; Theorem 3 . Gradient" of the product of two scalar point .func¬ 
tions, - Iff and g are scalar poin t functions, then 

grad (fg)=f grad g+g-grad f - 

v-(fg)=fv g+g .vf- 

[Meerut 1972; Bombay 69] 


or 


Proof. We.have y 


(fg) = [ 


.5. .‘3 

‘SrrH—-+ k a;l C/ff). 


dx ' dy 






3/V, 


J+i 


dg , „-3/ 


+g- 


dx dxf 1 J \/ 3y ' ° 37 / ' ~ \ J dz & 3z 




). 


: /Vif+g v/=/grad g+g grad/. 

In-particular if c is a constant’. then - 

V <ff)= c v/T/.y c~c y/4-(h=c V,/: - 

Theorem 4i Gradient of the Quotieni-of t>vo:Iscalar functions. 
Iff and g are two scalar point functions, then- 

~ ' v ^/j_ g v./ -/yg 


g" 


[Jiwaji 1982] 


■; ' 


Proof. Wo have v (f) = ( i |;+i|+ t |) (£ 


© 


But 


£>X 


f/\ g dx J dx d 

\ g r Z\ \ * dy 


itLsfli - 

(S)-^ * 
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VECTORS MADE EASY 


ff£)_ 

dz\g I 


- g 

s dz J dz 


o. 

o 

’“d 

ft 

u 

go 

& 


ft 

5 




.* 

v.-; 


■; r 


* 


.8* 


•• v (f) “M 5 - / !) +i ( ir IY§), 






1 f trYi & 4-tr 9 ^ f/i 9g 4-i 3g Yu 3g Yi 

“? r V ta +J 8j +k a;i _ -(V , 5J +, 3>+ k £jj;. 

v/ /v*f 

-Solved.Exai&pies. 


Ex. 1. ' IfF=e*? i+(x-2>) j.+x wi ,calculate * 
9F aF ..... a*F .... , ;\ a 2 F 

9 y 


® <>.;•■ < ,v) 


("0 (/>) 


(v) 


-HjH; 


; . +1 

=Oe x - y ) i-KJ) }-f(sin y) k—ye*’ i+j+sin>k. 
&F 
dy 

=xe x ? i—2j+x cos j k; 


[ 4 > ; t>, °] , YI’' ( *“ 2 j ' ) 3 i+ {li'^ ifa . j ?]* 

=xe x * i—2j+xcos y k-. • 

9 2 F a rm. 3 { ' 

(n,) lH:lts ‘'' k| 

! ‘ J!_ 11 

=fe^ i+if+O Jc^eWJ- ' 

inf 3 /8FV 8 , . , ,, .. ■ 

dZfy=Vy\Zxh»y lr ^ <+i+>.n> k] 

=C^+ x / <rJ ^).*+® - ^ cos yt 

=e^ (A7+1) i-h^os _y k. 

[<4' V ”> ] ‘ + 87 ( HI (XCO? J) ] k 

' i+0—x sin y k=x 2 e* r I— x sin.yfc 


(iv) 


(V) 


i . 

\ 

:i 
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{GRADIENT, DIVERGENCE AND CURL 

Ex. 2. . If f i x 7 y.> Z)=xy z z and f=xz. i~xy j-f -yz 1 3k„ 

Ihat 3 jc 2 dz ^ ^ a1 & ~ 1 1 ) IS 4 l+ 2 1- [Garhwal 1985]. 

Sol.. ’ We have f xy 2 z(xz .i— xy. jfyz 2 k) " 

' i— jc 2 < y 5 z : |+-jr> 3 . 2 ® k. 

/. ^-(4>t)—2xy 2 z J i—ixfzj-fy* z s k. 


32_ 
- 0X 2 


- and 


: (¥)=^ [ft OT ]i|IA>'- i-2^ *!+/■?•:k] 

■. =2y 2 z 2 i- : 2 y* z j ) 01 c -= 2 y 2 z 2 i— 2 J 3 z j / 

01 <*>]-! 

j. . ■ 


dx 2 ; 3 z 


3 3 


. that 


at the point ( 2 , — 1 , 1 ), ^ r j^(^f)=4.(— 1) ? *1 i 
. ■ — 2 -(—l) 3 j—4 i+ 2 : j.- 

Ex. 3. If f= (2x 2 /—x«) i+(e x *—y sin x)\j +x 2 cos yk, verify 

a 2 r .. a 2 f . 

dydx~dxdy' {Agra 1981] 

Sol. We have^L=[^ (2x 2 .y-x 4 )] i-f- {ef^-y sin x)J j 

=(4 xy.—4x 2 ) 5 4 “ Cyd*^—y cos x) j+ 2 x cos y k. : 

•v- * j - 

+ 2 xcosykl 

.. +[ip*«»]i 

- —(4x) i-h (£*-*■+e ry —cos x) j+(—2x sin y) k 
=4x i-{-(e xy -yxy e **—cos x) j—2x. sin vk- --*(1) 

^”[4 ^ r “*M i 4 ydn.i)].f 

=2x 2 j+(xe jrjr —sinx).j—x*:sin yk. 


©1 
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VECTORS MADE EASY 


C 2 f 


i^Sx =fe (i) ; [JL'* 2 *’?] 1 1 [|r <,ve” «"_■*)] j 

' ‘ l»v (l=sin v, . |' 1 


=4x i-^{e x y+xye xy —cosx)i—2xsinyk: \ I..(2) : 

From (1) and (2)„we have 

• •- dxdy. dydx 

Ex. 4. If u=xyz i+xz 2 j —y 3 k and v==x 3 i—xyz j-fxVk,co/- 

3 2 n ~ 

culate^^Xfoz aC thepoint (I, 1,0). 

so), 

: — xz 3jp^ k=X 2 - i— 3y 2 k 

^ (|>j “° s - 6v 

. =3x 2 i— 72 ; 

““ iT ° j+fe^AT i + 2*, 

.^^ 2 -Tr- 6jk) x (6xi ■+■ zz'k) - ••_ 

_=.—36xy kxi— \2yz kxk L . 

. ‘ — 36xy) - [v . kxi=j and kxk^OJ; 

at tfic point (1,1, 0), we have ^x^=—36j- 

0Bx,’5. : ^ A^x 2 ^i- 1 ,2x2 3 .j+A:z 2 XrB=2z'I4->j—x 2 k, /mcf- 

Ihe value of^ (A X B)^/( 1 ,-0, -2). ' ' , , 

{Kanpur 1985, 81] 

U . j 


dxdy 

Sol. We have A xfi = 


xz 2 


— 2XZ 3 

^2z - y 

-- = • (2x 8 z 3 —xjz?) i -}; (2xz 3 +a 4 y2>- jrf (x 2 j^z+4x 2 1 ) k. 

-V ^ (A x B) = — xz 2 J-f2x^zr.k t 

Aliain 0^. < A xB > {i < A> ; »>} - ■ 


' is?. 


I 


.1 


• J 

v2 

-1 


https ://t.me/upsc_pdf 


https://upscpdf. com 


I 


https: //t.me/upsc_p<|p 
























https:/ / upscpdf.com 


Join Telegram for More Update : - https://t.me/upsc_pdf 


£2 


Jsx 


© 


.sz? 


© 




# 


© 

© 


@ 




^ ? 


V/'•('' ; 'j A H |,'i yV) 

=i (Wy—y^+k fox‘'-y—y‘7 l ) 

=i[6xy )+j (3x 2 —3y 2 z 2 )+i: (—2yh) 

==6xy i+(3x 2 —3y 2 z z ). }—2y*z\i. : 

Putting x=l,y=—2, z= — l; we .get 
V/=6(l) (-2) i+{3 (l) 2 -3 (-2) 2 (-1) 2 } j 


-•-!2i-9j-16k- 
Ex. 7- If r— j rj where c^xi-fyj^-zk, prove that 


2 ( 2) a (— 1) k 


(0 yf(r)--=f' (/) vg («) v>;=- r, 

(»0 7 /(r) X r— 0, ( 7 ] =• 

. / n NK-t 1 

(v) y log | r 1 --- 2 , 


[Rohilkbaad 1984] 
. [Meerut 1991 ] 


r* [Meernt 1991; J£anjpsir88] 

(viy y r n --nr? 2 r. [Kanpur 198€; Agra. 86;.Rohilkhaod 90; 

G.arhwal 84] 

Sol. If r=xi+j>j+^i;, then r= [ r j =y(x 2 +j 2 +z 2 )-' 

. • 1 _ *y. ■ r " *> 


• r 2 =x 2 +/+ ! z 2 . 

(i)VA0-(i fj+J 

= i 4^ )+i L /(r) 1 ,< lr /(r) . 


=i/w|+irw|+Kyw| 

-• (li) ;* have vr=i i +i !? +i: & 


■ Now r 2 =x 3 +^ 2 +x a ; 


0 dr . . gr X 

2r w =2xr<, -ta=r 




GRADIENT, DIVBRGBNCB AND CURL 

• =— z 2 i+4x s ir j+4x/z K. ...(1) 

Putting x= 1 , y —-0 and z= -2 in (1), we get the required 
derivative at the point (1,0, — 2) =—4i— 8 j. 

Ex. 6 . >„ If f (x, 7 , x)—-3x 2 j—j^z 2 , find grad - f at the point. ■ 
(1, —2» —1). . ’ [Agra 1978;-Kohiikhand 33], 

Sol. We have 




I . j 
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VECTORS MADE EASY 


Similarly ^=— and E^=-- - 
. " . dy r .3 z.. r. 

• l +7 j+ “ (xi’4-jj-f .zk) r= - r==. r. 

^ r . - * r / r • r 

(iii) We have as in part (i), y/(r)=r/' (r) yc 

But as in part (ii) yr=— r. 


■ V/(r)=/'Xr) ^ r. 

v/(r)xr=j/'(r) AxjX*~Uf'(r) j> (rxr) 
==0, since r Xr=0. 

;; ;; 

5= —^ j -fjr; k) {see part (ii)] 

= —p (xi+yj+^k)—— r; 

j[ v )_We have v’ l.og J t ’i =v log r 

'0 " ‘0 - — —0— 
=i,^.lpgr+j— logr+t Io gr - 


dx ~~° ’ ' J dy 
I dr- ... \ dr . I dr, . ifx. y z \ 

~r dx 1 rdy J r 3a- ~r \r x / 

=^(^+yj+zk)=^r v - — • . 

(vi) We have yr n = i r"+k- — r n •. ' 

OAT ,3y 3z 

-f-k — nr-n—l /* 


. . „ , 3r , . . dr 

j nr n ~ l -—gi nr "- 1 — 
dx- Qy 


= hr r -~ 1 y r 

-nr "- 1 - r 
r 

1-2 


...dz 


=? ' r ”"! i l + i|+ k I) 


[V yr=p' as in part (ii)J 


• = nr" -2 r. 


Ex, 8. Prove r/mr //«) yw~y J 


r ■' 

V 

J 


>:■ 

r-S 

Di 


ii 


fe: 


£ 
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GRADIENT, DIVERGENCE AND CURL 
Sol. We have v / f(u) du 

= 2 i / [ /(«) du i ~ 

. - *. ■. w‘‘ J [by def. of gradient] 

Ex. 9. ' Show'that 

CO gra^(p*a] = a, («) gra</{r, a , b]-axb, 

where a and b are constant vectors / [Rohilkhand 1981; Kanpnr 87] 

SpL (i) Let a = i +^2 i +^3 k. Then a v a 2 , a. t are constants. 

Also r=xi-{-yj+zh.. ' 

.*.- ‘ r-z=a J x--f--a 2 y+a 3 z. ■ ■ ’‘ - 

/. . grad (r-a)=v ; Cr f 8)=V(a l x+a^fl 3 z) 

=l dx C a i^°^+ a 3 z )+j ^ (^xT4^2y+Ojz)-f k^( fll x-(-ar 2 j-f a 3 z) 
=^i «-fa 2 j+« 3 h^a.- 

(ii) grad [r, a. b]=grad { r .(axb)}; where axb is a constant 

' vector 

= a xb as in part (i). 

Ex. 10. Tf <f> (x, y, z)=x\v+y 2 x+z\ find yf at the pdint 
K 0* (Agra 1979] 


^ -i 
- ts? r 

-i 

® } 


Sol. We have-y^=.^ i-f-^ j_(_ ^ jj; 

■ ‘ dy J ^dz- ' 

_i+ (|p c^Tf^x+z^' 

. ( A2 T+T 2 x-f-z 2 ) j k 

=C 2 ^+> ? ) i+(x a -f2xj) j+'2z k-. ■ 

•Putting x=l,^f=i,l, Wf; we get ■ . 

atth.e point (1, l, l)=3i-f3j+2k. 

Ex. H. •' Find.grad, f, where f .is given by " 
f=x 3 -^y*+xz z , at thdpoint 0 r —l, 2). 


[Agra 1977} 


Sol- We have grad /=y/=§£ j_L j » Of 

Y dx T dy ^dz 

•+ [|j(*■- 


-yz+xz 2 ) j j 


7(3x 2 -|-^ i+(-3j 2 ) yfi~2xz k. 


t f g- ( ^-^ FXX 3 )! k 


.©• j" ~ Putting 1, >= ~ j ? Vk-s, v/e'get 
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^ " -VECTORS MADE EASY 

V/ at the point (1, — 1, 2)=7 i—3j-{v4k. 

Ex. 12 tf u=;xjry+z, v^xt+y+zK' w=yz+zx+xy, prove 

that . . . ■ . ' . . 

(£fad uy [(grad v) X (grad *}}=-.0 ; ; [Kohlapur J978] 

_ \ * , 8udu . t .Su 

Sol; We have grad ^ i+^ J-*- ^ k • 


= 1 1+1 i+lk~i+j+k. 


rad % 1 * |jS j+ ^~ 2X ’ +2>; j ' f2z! ‘ 


&v - , 9 w ., 3 V-V - 

-andgrad w=^5--f ^ . .. . • 

= ( 3 -’ : |-z) i+(?++) j+C^+lO k. . 

. - -grad »*.{(grad v) x (grad w)j=scalar triple product of the 

vectors - grad it, grad v and grad w 


1 : 

1 

1 

o 

— X 

1 ■■ 

• 1 V 

2x 

.2 y ■ 

• 2z 


X 

y ■ z 

y+z 

2 .1 

Zr j-X 

. 1 

- *-r\R 

'1 

l+ z 

z+x -■ x+j 


ibc+.y+Lz-i-.xd-y +z. x+y+z 

y 4 -z ■ • z +* ' . • x+y 


, by -R 2 +-^s 


==2 (x fy+z) 


1 

1 


1 

.... 1 


1 . 

1 


y-\-z. z-+x-. 

= 2 . (x+JtHz). 0 , ;• '*■ ' . 

the first-two rows of the determinant being identical 


13. ;/ i+ (. £-*|) i 

piove that .. 

(/) F^rxv/. .; 

S.oh We have v/= ~ J.+|jpi+ h and r~*xi+/j+ 


I 


1 


fe 

rb 


• I 
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.GRADIENT, DIVERGENCE AND CURL 


(O ' rXv /H 1 j 


. E 


2V 


dfldy 


df/oz 


dffdx 

■ I) .^( z !-dD *-*: 

(ii) F-r#x ; v/)-r - : • ■[*> . l<Wx v /] 

=0, because .the value of a scalar triple- product 

having two vectors equal jg zero'. 

(hi) F-v/=(rx ; v/)-v/=[r/y/. vfl ' * 

=0, because the value of a scalar- triple product- 
. baVing,two Vectors equal is zero. ' . 

■Ex-.. 14. Prove that A-|y — j— — 

- . h r 

Sol; First prove that y —==~~ 

[For its .complete soiution“see : Ex. 7, part (iv)] 

A A,y (-)=A‘ = 

Ex> 15- Prove ihdt_yy *=*^- _3r-t - r .. ; ——-[Agra-1574] 

Sol. We have 


“Scrtirat 


r=xi+ 7 j+zk and r= |jr | = A /( x z ,+y z +z^ 


r 2 =x 2 +T 2 +z 2 . 


Now '■. yr " t'v r ') f i •) (l > ' 5 )k 




• ■ ...(I) 

Differentiating both . sides . of. r 2 =x z j-y 2 ~yz 2 partially w'.r.t.. 
x, we haye - . ' 


-1——-———- A 3 r 9r x 

2r~=2x 6r 
. dx ■ : dx r-\ 

: Similarly arid ~ = 

... .... ■■ dy r dzr 

. A from (1), we have 


•r - 
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VBCTORS MADE EASY 


^ r -3=_3r-*^i+^j + ifc) 


. ' ' ~ — 3r -5 (jci+jj-fzlc)=—^ -3r~ 5 r. 

Ex. 16. ' Prove, that.xj<f>* dr ==d<jn^ ~ 

Sol. We. have = ^ ^ k. . • 

■ * - </X <jy <jz 

Also r=xi+yj+zk => dr=dx i-f dy \+dz k-. 

From (1) and.(2), sj<f>‘dr 

d<f> j . 3 <t> j" .-d4> j ,j 

•'. '. a ,:^! 8 -4v! #. _• 

Ex. 17. Show that ' . 

where r=xi-F^j-f-?k 

<£-75 a function of x, y and z. ■ 

t 9 ^ - 3 ^ . d(}> ' 

Sol- We-have.v^^^i + ^J+^rk 


...(I) 

-( 2 ) 


Also r.=xi+jj + 2k 


c?r dx . , dy ' dz 
ds^Ts l+ ds S+ ds k - 


...( 1 ) 

-( 2 ) 


From (1) and (2), we have 
dr. . 


^vHaS + 5 ;) S' -1 "* / 

dfdx d<f> dy d<f>dz dj> 

~dxds~^dyds dz ds r/.v 

Ex; 18. p and p are tw.a^scalar point functions such that 
p is a function of pi showthat 

- dp. ' . „ 

w: .. 


Sol. We have VP=|^+.^j+|k. 
Since p is a 


;-(i) 


3p‘ dp dp dp -dp dp dp . dp dp 
~ dx~~dp dx dy dp dy’ dz~ dp dz 

from (J), \ve have 
■ dp dp . , , ^P 9 /> i. 

W "^i5. ,+ 3>8? J+ 5?8?' 1 
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Gradient, divergence and curl- . 

/ • <3 

9z- k )~^ w * . 

Ex. 19. If s h ow that 

(3—r"~ 3 / 2 —j'-?/ 3 ) 

-"r^Sol. - We. have r=xi-j- yj-^zi: and r-= I r I ~-\/(x 2 -i-v z -i-z 2 ) 
\ so that r z =x 2 +y 2 +z^ • ' . 1 + / 

Now ^ is a function of r. 

, ^ *' 

.. « r >". . . .. . • • [See Ex. 7 part (i)] 

: v =nI&>-4.p7»/*+6.(- J) r m] Vr 

-(6, .VP ., r . P) r j^.. w (. ’ ' 

. . .^=(6—2r~ 3 ^ 2 —2>~ 7 / 3 ) r=2 (3—r~ 3 / 2 r~ 7 / 3 ) r ; 

Ex. 20. (/) Interpret the symbol a-y. ' 

-(//) Show that (a-s?) 4>^a-y <f : - 

{iii) Show that (a.'y) r—a. 

Sol. (i) Let a==<#+ Then . 

■a-vKAi+^j + Ojk). fi |- +j*L-f-jk'lY 

. . \ 9x / dy--dz) 




Thus’the symbol a,y stands fqr the- operator 


9 0 a 




Also 


• Hence 


:j d<f> ■ 

1 9x^ r 2 aj"’ 4 ff3 a?' 
(a-y) a• V<!>. 


(iii) 


+ D 2r , • 9r 
+ ^ + ^- 


‘Ox 

But r^xi+yj-fzk 

■- :^*V> r "-"i*-Kj+a 3 6 : ^a. 


0r .. ar ..'dr . 
9x" *' 
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: 8. Divergence of a vector point function. 

Definition. Let V. he any given differentiable vector point 
function. Then-the divergence of V, written as, 

. V -V or div V, "* 


is defined .as div V— V - Y= 


4 * 




aV 


0X 




=2i 


5V 


3x 


— [Sagar 1983: Kerala 74; Bombay 70] 

It should be noted that div V is a scalar quantity. Thus'7//e 
divergence of a vector point function is a scalar point function . 

Theorem. IfV~Vpf Vf\ f V 3 k is a differentiable vector point 
function, then (f;V 


Proof. 


1 W 


3*. dy * dz 
We have by definition 

3V,.V av 

oy. 

dv 

• dx' 


si:*, XT 
\Atv -f- 


Now Y=Ki‘+Kj-I- P 3 k; 




Similarly 



b. 


and k. a J = ^. 
dz dz 


Hence 



: SoUnoidal Vector. Definition, 4 . veclei&nqjd to je oeU 
noidal if fa V_Q. [Meant J99IS; Calcutta 75) 

§ 9. Curl of a vector point function. Definition! 

hP. e an yM ven differentiable Vector point function. Then the 
curl or rotation of I, written asyx f, curl I or rot I is defined as 


_ I 


' 3 -' ■ 

• :i 


17 

!J5 
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CU r/I=v Xff=^tl; |l+ k 


VECTORS MADE EASY 


. • m .• ef „;• -df . ; 

—I x~- H x-x-ffex -=Xi x—• 
.Sx 0z . 0x 


# 

© 

m 


.^fSagar 1983; Bombay 86; Punjab 88] 
It should be noted that curlf is a vector quantity. Thus (he 

curl of a vector poini function is a vector point function. 

Theorem. Ifi=fiif-f z J+A k is a. differentiable vector point 
function > then 


m 

m 

© 


,, /0/ 3 = ■ 3/a \ .:, / 6 A • °/A ; . { 9 /a 0 /iV , c 

Broof. . We haVe by. definition 


af 01 , , 01 

curl f=VX.f=»X-+J.X^-rkXg i 


iff) 


= i x ^(/l '4A 3+/a ^) + j X gJ, (fl *+A J+/ 3 fe) 

(A >4A.irfA 

.-/8/, ,,e/ s i+S6. k V+iy/^M+^-i+^Vl 
= x (sc ,+ s ji >‘ /*’Tv 1 > r 




i-tl - 

-(t-S‘+( 6 -S l+ @-l) t ( 


V Note. It Should be noteefthait the expression for curl f, can be 
. :/Vritten immediately if we treat.the operator: v,as a vector quantity'. . 
:VTiius “ 


Curl r=v[Xf—g^+ k x(A »+A j+A k ) 


© 


"fc C-r ■ 


9_ 

0X ’ 


i 

0 


k 

a- 




0z 



A 

A 

a ; 

4 ...... 



1 


' : ' = 

0 

3 

i— 

: 9 

0 

i+ 

a • 

0 1- 


• 0T 

0z . 


0X 

0Z 


3x 



lA 

A 


X 

A ! 

- 

A . 
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- 49 




But we niust take care that in the expansion of the detcriin 
-* • ■ 3 - "0 9 . . 

nant.the operators — must preeeUe the functions f x , 4 , 4 . 

Irrotational yect'or. Definition; A vector p.is said to be ierosa - 
(tonal // Y X f=0. [Meerut 19*91 S) 

§ 10 . The Laplacian.operator y 2 ,. 

The Laplacian operator y 2 is defined as: 

. • 2 _^_ a 2 -. ’ ; . 

V — 0 x 2 + . 0 y 2 ^ 3 z 2 ‘ . 

If / is'a scalar point function, then 

* f= ¥T , dY-W 
V7 dx*^dy* + dz*\ . 

It should be noted that y 2 /is also a scalar quantity. 

If f-is. a vector point function;, then: 

~ 2f a 2 f 9 2 f a 2 f. ' 

V f . 

It should he noted that y 2 f is also a vector quantity/ 

Laplace *s equation. The equation y 2 /=0 is .called Laplaces 
equation . A function which satisfies. Laplace’s equation is called 
aTtarmome function. ■ . * -- ^—— 

Solyed Examples! 

Ex. 1. Ptov.e that div.r=3. 

[Agra 1978; Sohilkhand 81; Kanpur 75^ GdrakhpEjr iiS] 
Sol. We have r=jci+yjq-zk. ■ . * 


•;*/ 

V 


By definition, div r=y.r=|i +j lfk/j-r 


cfx , J a> 1 dz\ \ 


)• 


. 0r . 5r cir 

di +1 'sA k 'Si 


■ ■ ; .=i 1 i + H + fck[-v |=i,|=l|.k] - ■ 

=14-1+1=3.- 

; Ex. 2. Prove that curl r=0. 

[Agra 1968; Kanpur 75, 79; Rohilkhand 76; Gorakhpu? 88 f 
Sol. We have by definition 


: i 
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VECTORS MADE EASY 


Curl r=y x r 


4 


.3 - . a- , q v 

1 Jx +J Ty +k dz). 


XT 


; . 3r , . 3r , : 3r 

,,x S +jX ay +k - x a 7 ‘' 


9r . 3r . . 3r .. 

3x . 9y ^ ... 


[Agra 1$86] 


NOW T— XI ~\~y\ . 

Curi'r^ix : i+jxj+kxk=0+0+0.=0. 

Ex. 3. If i—x z y i—2 -Xz J-f 2 yz k, find 
(i) div. f, . (n) curl i, (Hi) curl curl L 

..Sol., (i) We have- : 

diy f=v-f=/i j —He ^*(x 2 y i—2'xz .j+2j>z k) 

(- 2 xz>-{- ^ ( 2 ^)= 2 xy+ 0 + 2 j= 2 x(x+ 1 ). 


(ii) We have curl f=‘yxf=» 


3_ 

dx 


a_ 

3y 


: k 

_a 

0 Z 


x 2 >> — 2xz ■ 2yz" 

=[©. I 

•(*,<-***> 8 ./^'>] k 

=(2z | 2x) i - 0 j-j-(—2z—x 2 ) k=(2x f 2z) i-(x 2 .l-2zj~k. 

(ii!) We have curl-eurl f=vx(vxf) — 

==\; X [(2x-f 2z)’i- (x 2 -f2z) k) 

i J k 


dx 


d_ 

dy 


0 _ 

3? 


j 2 x+ 2 z 0 —x 2 — 2 z 

*>] 1 [lit ^ *>- 

+[°-|;( 2x + 2z )] fc .- 

=,0 I-(-2x-2) J+(0-0) k=(2x+2) j. 


c-\ - 





| 
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GRADIBNT, DIVBRGEKCE.AND. CURL ^ ' 

* k ■ * 

9 

E^. 4. Find the .divergence and curl af the vector. 

f=(x*-y 2 ) i*2 x? i+^-xy) k. [Agra 1982] 

Sol; Wc lave div f Ay. f 

,/.3 , . 3 ’ . 

;fx +J ^[(* 2 -J 2 ) 5+^.J + Xf-xy) k] 

= ■ yVvi+liW-xy) ... 

' =.2Ar--f-.2r4r G=4x. . 

ALso curl'fA-.yxf . ' 

;7 0 -0 " 9 \ —• * ■' 

X 9 * +j W 1 k fe) x : f(^ 2 -^ s jW-^kl V ’ 

* j k 


afct. 


• xj 8 — y? 


0 


0 - 

02 T 


2xy. y 2 —xy . 


= (2 m j4t Ci <-' 5 v,-,] j 

=[(2j-^)--0.| i-|- (0 |->-) rj +-(2]>+2v ) k 
=(2^--x) irfr:yj+4^ 

ET.-'5. Find div F and curl F where 
F=grad.{x z +_y z drZ z —3xyz). 

Sol. We have.F^grad^-^-j- z z —3xyz) 

~ l (x?+f+&~'$xyz)±i :|- (x 3 .+j 3 +^_-3^;z) 

' ' ; + k ^ <-« 3 4-> 3 +^- -3^r) 

= (S^ 3 3j/z)' i rf (3y z —3xz) i -f (3z*^-.3;cy) k. 
NowdivF=V*F 

• b (3y2 ~? xz )+ % (3z 2 —3xy) 

—6x+6>’+6z==6 (x+y+z). . P 
Also cur] F=y.xF 


i 

1 



; \ ’ . ' " • 

i ’' 

J 

k ': 

-- J.:- 

'. - fJi 

u 

!: '''•, 

■ V ', . 

. d 

d . 

d 

toe 



dx . 

a y 

dz i 

1 . " ■ | 

- ' . .. c 


3x*—3yz 

3 y^3xz 

3 z i —3xy j 

• • - | 
• - t-- d >& 
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VECIOKS MADE EASY 


[| (3/. 3 ' ! )]i • 

- . j: " 

= (—3x -f 3*); i+C—-3-P+ %): J*H- (—3z+ 3z) k 
=? 0 i -y 0 j -f- Ok=(L 

Ex. 6 . Given $=2x 3 y 2 z i ,find,div {grad <p). - 

So!. We-have grad ^?=grad ( 2 x 3 ^ 2 z' 1 ) 

lx (2 ^ 2z4) +j |v(2x^)4-k■ L (2*^). - 

==6x 2 y*z* i.-f 4x 3 yz 4 j+Sx 3 /^ k..' . •" '. 

Now div (graid.^)=v*(grad ^)=y-( 6 x 2 j?^ i+Ax^z 4 j 

' + 8 *?j*z*k) 

— |j- (4x 3 yz 4 )+ ( 8 x 3 _y 2 z 3 ) 

— 12xj 2 z 4 +4x 3 z 4 +24x 3 y 2 z 2 . 

Ex. .7. . Iff—Xy 2 i-\-2x z yz j— 3 j 2 2 ~k, find div f andcurl £. 

What ore their values at the point (1, — 1, I ) ? 

[SohiJkhand 1982] 

Sol. We; have div f=yVf -. 

(^ 2 )+ \ y (2^)+^,(-3j;z 2 ) __ 


0X 

= -y i --\-'2x 1 7.-- 6yz. ... 

div f at ( 1 , — 1 , !)=(— 1 ) 2 + 2 . 1 2 .1 — 6 .(— 1 ). 1 = 1 +2+6=9. 



Also curl £=yX'f= 

i 

j k 

# 

H 

v,- 8 

a" * . • a 

#-■- 


dx 

8 y .. dx" 



xy z : 

lx 2 yz . .— 3 yz z 



— (—3 yz z )^' 
dx y - * ■ az 

9 ■■ 


+[k (2xZ & 

1 

/*“N 

fr5 

r 

m ■ 

=(—3z 2 — 2 x 2 y);i—(fi 

0)=j+(4xji 

s-4- 2 xy) k 


= —(3x?+2x 2 y) i-\-(4xpz—2Xy) k. 

. cud.f at (1, —iV-l)=—[3- I 3 +2.I 2 .(— L)];£ ' 
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GRADIBNT, DIVERGBNCB ANDCURL 

• ; ' 2k. 

Ex- 8 . ]f F = x 2 z k, find div E, curl F at 

( 1 , — 1 , 1 ); ' . [Garhwal 1979; Madras 78] 

SpL We have div 3?-= V’F 

=i2xz^-6y t -z i - s rxy l . ' 

• .*. div E at (I, — l f l)=2.1.I-6.(— l) 3 .l 2 -f l.(—l) a 

—2 6 -f 1 = —3. 


Also curl F?= v X F==- 


,. 3 _ 


J 

-.9/ 


X 2 Z = r^2>^Z a 

■ra¬ 


le" 

£ 

ax 


- xy>*z 


l| ; 5( ?M |(A)]k 

=(2xjz-f-4>’ 3 z) i+(x 2 —y 2 z) j+(0—0) k . 

= 2 (xjz 1 -2fz) i +'(x 2 —y?z) j. " A. 

curLF at (1, -1, 1)=*2[ 1 ,(-]). l+2.(- 1 ) 3 . l] j 

.. .. .... ' , - + [-l a - (- l) 2 .l]j 

' — 2( —1—2) i+(l—l) j=-~6i-f-0j 
• . • ;_6i_ v 

Ex.' 9. If F=(y 2 +z*-x?) i+(z 2 rf x a -/ 3 ) j4R. 

' find div f and curl f. > 

f Sol. We have div f=V'f 

?. ■- / 7 p^+ z3 '^-^(? 2 +^ 2 i ■ (x a +J 3 —zf) • . 

• ‘ c 2.y~ 2z=—2 

Also <forl f==y x f . , : • .. - -.. - 

» j 


3_ 

9x 


'av.W 
.'07 V ■ 




" 

dz 


\y+z*r-& . - 2 +>- £ t .^ 
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VECTORS MADjBBASY 


C; ’ ?+Z2 “ X2) ] k 

=( 2 j— 2 z) i+( 2 z— 2 x)_j -f- ( 2 x— 2 j) k 
=* 2 (j-z) i f 2 (z—.x) j-l- 2 (x - j) k. 

Ex. 1€L : Jf f (xr+_ e+ 1) i j-j-[-( ~x—j) k, prove, that . 


f-curj f= 0 . 

Sol. We have curl f=y xf 

i - ; k 

d 

c )y„ : 


[Kanpur. 1988; Agra 86 ] 


JL 

dx 


d 

dz 


x-y 


x+y+l. 

=[| < i+ [|(r;.v M)-| v (- V .V)] j 

1 [&<'>• o> + - v ' ! 

-(_ i -0) Hr(0+1) j-j-(0-f 1) k^-i+j-k. 

f.curl. f—|+i+(— x—.y) k].(—i+j—k) 

= — x—y— l + l+x+j^O. 

Ex. 11; . Jf u=3x 2 y and y— xz 2 —2y. then find 
grad [{grad u).(grad vj\, 

SoL We have grad w=i^(3x 2 j)+j ^ ( 3 x 2 y)-pk ~J^3x z y) 


—' = 6 xj> i+3x 2 j+O k= 6 xy i+3x 3 j. 

Also grad v=i ^{xz 2 —p)+j ^( xz ^.2y)+k ~ (xz z -2y) 

=x 2 i- 2 j-f 2 'xz-k. • ‘ 

(grad u) -(grad y)~.( 6 xy i+3x 2 j)*(z 2 i—2j+'2xz k) 
.==. 6 xjz 2 — 6 x 2 . ■ 

"Hence grad [(grad n)-(grad v)]=grad ( 6 yyz z ~ 6 x z ) 

=i ( 6 x_yz 2 -^ 6 x 2 )+( 6 xyz 2 — 6 x 2 ) -f k ~ ( 6 xyz z — 6 x 2 ) 

=(6jz 2 — 12 x) i +(uxz 2 ) j+( 1 2 xyz) k. 

Ex. 12. ' If u=x 2 — y % -f-Az, show that \? 2 w=0. 


• Sol. We,have v 2 ^(|i+ 3 ^+g) « 


3%/ 3 2 « 3 2 a 
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gradibnt, divbrgbnqb and curl 

x T ' du’ d , ’• 

N fi w (x a -y 2 +4z)=2x. 

* * ^ dx*~dx \dx/ ~dx W- 2 - 

- . - du d- 

Aga,n 

3 2 «, d (du\ d . ' . 

3 j ' 2 " 3 / ( 97 / ~~ ^ ~ 2 j).= - - 2 .. 

Finally |~^.(* 2 -j> 2 +4z)=M. 

■ d 2 u d(du\ a ■ ... . 

‘: a3c 2 + ^+' 952 —^— 2 +°=°. 

Hence v 2 «=Oi 

Ex. 13. If i=f x i-j-/* z j f-f a k, showthat 
V- f= v/ir j+V/o-j+^-fe.- 

Soi. We have vA— i-{-— i 4 -^j |r 
.9* ‘>y J K ’ 

, ••• nfk>* 4 ' 


Similarly v /,-j=^- and y/ 3? 

-*• V/x * i -{; v/g • j - J- v/ 3 • k 

3/x . a/, • 8f g • 

~dx+dy + ai'“ d,V ^V*f. 

Ex. 14. Prove; that \r T (ifr)=6rK 

Sob We haye 'r^ja-f-jj-pzk; \ • .».• 

-V r 8 x=H (xirf j>j+zr!c)==^xlH^yj-f : r 3 ^:. ' ■•:• 


i 


g 

i 

a 


;V. »g~(£*). : 

^_=r! ± 3>A;|. + r»+3^X’1 !1 +>+3r* 2 &' 

' . 0Z; . 

^ -3r 9r . '3r\ ' ' " • 

Now r z ==x z +j£-J-z*. . ' 

... 2r^=2x or ■ .... ;• ...- 


•••( 1 ). 


8 
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VECTORS MAJDEJBASY 


„ ... • , dr y ■ , 3r z 

Similarly and 


from ( 1 ), y*(r s -r)=3r , -f 3r s ^x.^-Ky.^+z.^ 
=3/*^ 3r? ^ 2 il^ 2 +z 2 j| =3^+3r?.p 


i=3r s +3r 3 =6r 3 . ; '• 

. Ex. 35. Find the constants a, b, c. so that the vector.. 

F—-(x-h 2y~^az) i-j-(bx~3y—z) j+(4x-f cy-[-2z) k is irrotational. 
Sol. The vectorE is irrotational if curi F=G. ^ 

V/e haye curl F—v XS 

I . j . ' k 


0 _ 

3x 


3_ 

dy 


02 . 


x+ 2 jTaz bx—3y--z 4x^-cy-i~2z / 
=^ y ^x+cy+ Z )-^ z {bx-2y^z)^\ 

-1-|^ (^-l-2>’-l ; (4x-l -ej-l-2z) J j 

+[to ( bx ~ 3 y ~ z )( x + 2^+az)J k 
=(c+l) i : -f(fl-4) j+(^-2) k. ‘ 

curl F —- P => (c-flj iT(a-~'T).j-f (6 —2) k=0" 


=s>. c-{-l=<Va-4~0, b—2=0 

c=— 1 ; a=4, i=2. * 

. Hence the vector F is irrofationaiif<r=4, b—2, c= —1. 

JEx. 16. Determine the constant a so that the vector 
V~(x-^3yj;i-{-(y—2zj}-F^Xr\-az) k is solenoidal. [Kanpur 1978] 

fl A VIA — Tf • in 1 /J f.rt 1 T " (* Jk r Tt T ” A 


Sol. A vector V is said to be solenoidal. if div V=0. 

i 


We have div W=v-V-|^ (x+ 37 ) 4 - ~ (y— 2z)-f-j^ (x+gz) 


0X 

= 1 "It 1 -“I - . tt—2 -j - a. 

NOw div V=0 if 24-a==0 i.e. if a= —2. 

Ex.T?. Show, that the vector 
V=(sin y-{-z) i+(x cos y-^z) j -}-(x- -j) k is irrotational .. 

‘ 'Soli . A.‘vector Y is said to be irrotational if curl Y=0. 
We have curl Y=*y X Y' 


ss= 

isXS 






a* 

§ 
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VBCTORS MADE BASY 

<3 


d_ 

,'dx- 


i 

9_‘ 

dy 


k 

a_ 
a z 


^y—a^z a 2 x—a^y 

=[fj 

-;| z {atf-ikd ]. i+f|^. («i*‘ *3*) (^-"a*) k 

= — 2 flji— 2 i 7 8 y—= ■—2 (o 1 i+a 3 j+fl 3 k)=— 2 a. .» 

fee. 20. Ify=e* ys find curly.: 

' . 1 5 [Meeratl99IP; Kanpur 87; Agra 83] 

Sol. We .have curl V== I . i 


a_ 

dx 

e xyz 


J 

a_ 

9y 

e xyx 


k 

:'a 

3z 


pxyz 


=e*>" (x^r—xy) i+e x/z (xy—yz^ (yz—jcz) k.' 

Ex. 21. Evaluate div i where 

: “ f=2x^!^xyVj4-3y^.k. . '. — [Kanpur 1988] 

Sol. We have '■ 

div f=V * f = ^ • (2x 2 zi—xy 2 zj-h 3}^x k) 

4 xz^- 2 xyz-f 0 = 2 xz '(2 —y).. 

■Ex: 22. Shofrthat y 2 (x/r^Q.- 

[Meerut 1991 P; Rohilkhand 92] 

.?!_ 

[3x a+ 9y 2 


„ /x\ ,/a 2 , a 2 a 2 \/x\ ■ 

b ° 1 ' v \> 3 ) ” i3x a+ ay 2 + dz 2 ) \r a )' 


Now — ; 

4 ax* 


|r* j. ax jax \r 3 


2 jl 3x.-3r | 
3 X |r® r 4 3xJ 


•-feipx ;$[•••. 'Ss*+*t z ’ eives sir?} 
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GRADIENT, divergence and curl 


■ V *y 
^. 


9 ft 

3a 2 [ 

•3-3r 

9a V 3 


. r 4 dx 

3 x 

6x 

15x 2 x . 


r 6 • ! 

r 6 . r. 

feiii 

9' lx 

V). 9 f 

\e.) >t 

dy (T 3 

// 90- 


6x 15x 2 'dr 


»-5 


r 

9x l5rX 3 
r 6 + 


dx- 




■ ■ 


■ : v i- ■ 
■ 5 .- 

••0: 


I 

X. • 
£ 


= - a <L : 3 -^1 r •• dr y 1 • 

9 >,l r* : r] L ' 3^7 J 

li. / 3_^) _ , 15 *y 9r 3 a. • j 5xv 2 

9/1 . > 5 / . r s ~ h ~^' dZ=~^±-zr r 


Therefore adding we get 


V 2 - 


(rj-(L 2 + 0 + 0 )(^) 


9x 15a 3 


~ r’ a + 
15a 


3* . iSxyjr 3x - 
~r* ‘ 


r*. r s ^ 


15az 2 . 


I 5A: ■ _ 

— (^ 2 +/ 2 +r 2 )=. 


15a 


r* ' r -p 

§ 31- Important Vector Identities. 

1. Prove that div . (ATB)=c/lr A T div B 

___ V_'(A | -B)== V r A+ v ~B. • ’ 

Proof. We have 


153c ■ 

—T* r z = 0, 


or 


_ _ [Meerut 1 $92] 

iIiv(A-| j | It) . 

dx ! i1 ' + C* ijl) S k-|'. (A 17 11| 

- “(‘ri+i-f^#)+(i-f B ■ • 3B • ® 


911 ■ Bit ■ - 3B\ 

a* +i 'W +k 'dFJ 

-^^ A4- V • B — di v^V-f-^div-B:- 


or 


2. Prove that asr/ (A+B)=cvr/ A+arrlB 

V X (A-f B)= y x A+y x B. 

Proof. We, have curl (ArhB)=.- v x(A-f-B) 

.“I 1 9a 1 J fy' 1 *-di) x ( A + B )^Pix.|^(A-f B)-r--2ix 


9A 
dx' 


'3a J 
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i> 
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# 
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4^ 
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© 


dA ■ 3B • c • 

=2iX^—f-Si x^.^cirrl A+curi B. 

(yJC ; OX 

3. If-A is it differehliable~vector function and fis a differenti¬ 
able scalar function, then 

div (<£A)==(gra<i : <£) -A+</> diy A 

w- ' V*(M)=j(V^)-A-|-^(V-A). \ 

[Meerut B. Sc. Physics 1983; Gorakhpur. 85; Garbiwal .84; 

i&bhilkhand. 82; Agra 8T;'Bombay 86] 
Proof. W e .b a ve . . . 

... div(<f>A)— Vj#A)= |;+k |) '(&) 

i-1- k.|; (£A) • 


nr - 
v * 


3jc 


3z 


, F 2 P , )- A }^4i)f 

[Note a*(m6)=(ma).«b=m (a*b)] 

=^§| f A -^ ( i -|f).^)*A-|- ( [> (V.-A). 

4,. Prove that curl (f>A)—(grad <j>)xAr{-<f> curl A . 

. V X (,‘f>A)—(sjf) X A-\-(f> (y x A). 

[Agra IV 68;. Meerut. 67, 68, 72; Bombay 68; 

.Kanpur .76;’Punjab 63] 

Probf. We have _ 

cii?l (^)=vx(#) Ji |-+j §-+k-Jdx<4>A) 


# . 


SIR 

/5N_ 


- . \W 1 


' [Note that ax(mb)=(ma)X.b=») (axb)] 

l 2 (II *)} X A ^f ’( 1 X ^]=(V^)xA-h^ (vX A). 
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.GR^DIBNT, DlVBRQBNCK AND CURL 


/ 3FS 
v <5oo; 


xfr 


L5- A™? tf i at . ^> (A x B)Lb . cw / A~A,curl B . 

V • (A X Bj=B(y X A)—A »(y x B). 

... tAgra 1984, 85; Kanpur 87; Calicut 74; 
- Proof.. We have . _ Allahabad 79; Gorakhpar 88) 

= 2 :f(§ x ?)}+ s f(' Ax |)} : 

- [Note.a.(b Xc) =(a X b) - c and a. (b X c) = ^ a • (c x b)] - 

”j ? (‘ x v)} 1 {( ix aI)- A }' *( cul i a>.» - A(i x §)}-a 

^icurl A)*B—(curl B) ? A=B*curI.A —A-curl B. 


-aooir.: 


Erove that 




. -i. 

■-. - V .. 

■ ?-■ 


gn- 


■ -'li 


r . $&o6/ curl (AX'B).=(B. V ) A-B div. A-(A. <7) B+A JA B 

_[Meerut 1991; ; Agra.74; Allahabad 77; Ravishankar. 82 ] 
Proof: We have curl (A XB)=v X (A X B) 

_ = 2 { ix s (AxB) [= J { ix ( Ax t+l x ^ 

' • Z '( iX ( Ax i )‘ 1 )} 1 *{ iX (tc ^ B )} 

■ “* {( '• L") A' -C'-A' 1}-! >1 {(«•») £ - (i-£ ) b|; ~ 

=S {(‘€) 4' X {(A'43f ' .*{(«•£)»} 

\- X HI)}* • {A-hi B | |l..a y A jj „ 

(div B) A—(A. v) B+(B- V). A—(div A) B. - . 


I 




Ao* t j--' J>rove,hat . ., 

S ra d (A • B)(B * V ) A d (A • V.) B-f 6 xc«r/A+A X curl B. ' 

•-{ARahabad T980 J 87; Pnb il kha n d 78 ; Jitraj i 31] 

. Proof. We have * • - • ... : - 

grad (A.B)=v (A.B)=2i|- C A.B)=Si | A .^+|A ;b) 
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J- 
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•1 

f 


$E. 

■ ifccii 

if. 

# 

"4 • 

;fe, 

if? 

11 


i! . 


•-( 2 ) 

-(3) 



< • ~ , VECTORS MADE EASY 

Now we know that ax(bxc)=(a-c) b—(a*b)c. 

-.*. (a-b) c=(a-c) b—ax(bxc). 

•• /a 3B \ -_/A "4 9B A 7 3B -V 

. ** \ A * dx / 1 ( '^dx Ax \W *7 

■n-Lv v - ■ 

“{ A - si l} B + A N( ix l); - 

•• . -(a*v)b4-Ax(vxB)-- 

Similarly ^||b- ~ j ij?=(B.y) A+B x(y.x A). . 

Putting the values from (2) and (3) in (1), we get 

grad (AiB) —(A- V)B-f-.Ax (v xB)|(B.y) A+Bx (vxA). 

—Note. If we put A in place of B, then _ 

grad (A*A)=2 (A* V) A+2Ax(y xA) 

J grad A 2 =(A* V) A-f Ax curi A. 

8. Prove ihatdiv grad <f>=Lf^ 

Vv(v^)=v 2 ^- . [Rohilkhand 1981; Garhwal 85] 
Proof. .We have • 

v - w)= ( I sf j |; +k y ”{te f f$j+te k ) 

■ Zj /dj) a m\ a pjs 

dx\dx/.dy[dyj^dz \dz) 

>' ,"3V, /a 2 3 2 'd^\ 

~'?x 2 +dy* + dz-—\dxz+dy 2+ dz?) : :‘f , — v:t $- 


i.e. 


9. Prove that aurl. of the gradient of <f> is zero ^ 

V X(V^)=0, i.e. curl grad 4>=0. .. 

[Meerut 1991S; Rohilkhand 81: Agra .74; 

_ Garhwal 82; Kerala 74; Jiwaji 83] 


Proof. We have grad 4>=~ i-f ^ k 

. • ox ay - ' 


oz 


curl grad ^=VXgrad <f> 

■' /. 3 .3 ,'3 \ (d<f>. : d<j >. 3<|> \ 

X,:X : '. "hfa +, a7 + 3X x .fe ,+ ^ 1+ 3i k f 

- -m. ■ i - * . - * 1 . . 




cS 


£ 0 ? 
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GRADIBNiy DIVERGENCE AND CURL 
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o 
o 
<+4 
’“d 

0 * 

u 

co 

& 


& 

5 




■&• • 


4- 


•«. 


i 

d_ 

' dx 

; 3£. 
ictec 


a 

dy 

dj> 
dy 

■me 


k 

a_ 

3z 

3^ 

3-2T 


3 3 ^ _ __ 

3z dz dy) 

0i+0j+0k=0, 


f+(_&_ JMA;, ( ft . m 

' 8z fe a.v dz] * (iiv <H- 


k 


provided: we suppose that fjhas .continuous seco-d ,i • 

»es so t he o f d« r of difen ,^^ 

10 , Prove that div curl A~0, k/vdVX^^O. 

[Meerut 199 2; Kanpur 89; Agra 82; Pohilkhand 901 

Proof Let A : ' 

dThen curl A=y XA = 


i 

3_ 

.dx 

A x 


a ■ 

3y;' 


k 

d_ 
dz ■ 


jWM* _MA ;V/^ I ■ 

W~ 3z / + \3x 3r J^Xdx dy / k * 
Now div curfX ==y. (y xA) ~ 


A | 

fS£ 3 

jjMV 

)+£, 

/3^ 

M 3 ' 

U ;a -1 

(Mi 

dA x \ 



3r ; 

Hi)/ 

{dz. 

dx j 

) + dz\ 

[ax. - 

■dy ) 


9 2 N, 


3 2 ^a g^i -3% a 2 A 2 


_^ __ ,0*4 r - 

: dx dz^dy dz~dydx + Az~dSc~d7dy 



: 3x 3j~ 

=P/ assuming that A has continuous second partial derivatives. 
11. Prove that. : •- . 

V X (V X A) = v (V • A) — y. 2 A;. - • [Meeru t B.Sc. Physics 1983; 

Kanpnr 86; Allahabad 81; Rohilkhand 90] 

A=-dii ^l 3 k. — -- —<———^ 


-v i.'s. 


M 


V-.r 

. 


Proof. Let 
Then y XA— 


dx 

: % 


_3 

3j 


k 


a 

3z 


*2 - 


-:i 

'V ■ 

( 


I 




9s 


I 


K-i 

r? 
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VECTORS MADB $ASY 
k. 


.*. v'x(vx'A)= 


...» 


-9* 


J 

-a.. 

% 


<r 

a/ 


9^3^04, a^ jAt .dA,. ' dAj 
dy 3 2 - 3z 9 x'. dx 9 y 


d_t d A\ 

M\ 

9 

7M 

. 3^3 

dy \dx 

^ J 

a^r 

-A air 

dx 

YM 

\ 9_y 9x 

^dz dx) 

-( 

’M:, 
' ! 

. d 2 A, 
l dz 2 


Amm-mmi : . 

• x[{^<V-A)-( V ^}ij 

-2[<J|^(V-A)j>iJ^-v 2 2^i=v (V-A)~ v 2 A. 

Solved Examples 


Ex. 1. 'Prove that grad(u)grad u. 

Sol. ‘ We have 

Kind /(W) i 3; /(») I j !,/(«) ! t g Hu) 

/ *A4:'j r(y )|'! 1 . k/ . ( „ ) |' 

- “A«){i^+s0+k|]:=r(“) grad^ 


4- -IV ' 

■ * 

Ex. 2. 

!■ : * ■; 


I,;,., 

SoC 


.. 


“—A 'v a/r/F—0- 

Sol.- We have CurlF= 


"fAgvari^S^T^fohilkfa and 85] 


a_ 

dx 


x 2 y 


S 

d_ 

dy 

xz 


d_: 

• dz 

2 yz 


m 

1 
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GRADIBNT, divbrgbncb and curl 


lb (2yz) -L H *-£& (**>] i 

s? 


-H 


. ( xz b 


('W] k 


~idx 

,-(.2^x) i-0 j+(z~x*) k==(2z-x) i+(z~x 2 ) k. 

Now <3 iv curl F=div [( 2 z—x) i 4 -(z^x*) k] 

. - . . 1 +1=0; ~ 

Ex. 2 . Verify that curl grad 0, where 

soi. ws.bi/^1 ^ i+ ^in 19731 

— (2xy+2y) i+(x z -i-2x) j± 2 zk. . 

curl grad f^X[(2xy+2y) i+(x z ^2x) i+2zk\ 


-L 

dx 


J 

3j' 


k 

‘ £ 
—0Z’ 


2 xy+ 2 y x 2 + 2 x 2 z 

[ 9 3 ■ . * . .. 

a> (2 ^~3z (x2 ' ,:2jr )] i+ [a^X^+ 2 ^)-^ ( 2z ).] j . 

E 9 " * 

=( 0 — 0 ) i-f-( 0 - 0 ) i+:( 2 x+ 2 - 2 x-~ 2 ) k 

==oi-f-0j4-0k=0. — ■••• -. — 

Ex. 4. Prove that 

[Bombay » 8 «] 

Sol. We know Unit curl (#A)=(Vt*)XA-f^ cml A. 
in the above formula replacing^* fand A by ^, we tev „ 
cyl «’W)=(y«Xy#+<|. curl v f 
• =VfX v ^+ 0 . 

[V Curl —curl grad V W0] 


^V<f?Xv^. 

; Similarly curl (#V«=(v«X Vt+iS carl y+ 

• *==ViXvtjifO 

•-V^XV'J' 

• .= —V^Xvf 
From (I) and (2) .-we Have 

burl vV=~curI fa\). 


...fl) 


-( 2 ) 


- ^ . 
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VECTORS MADE .EASY 

Ex. 5. . Show that curl (a *r) a=0, where a iis a constant vector . 
So]. We know that curl (M)-(Y0XA | ^ curl A. 
Replacing <f> by a*ir and A by a in the above Formula, we have 
""curl .(a-r) a={y (a*t)]Xa-f(a*t) curl a. ...(1) 

But if ais a constant vector, then, ctirjn==0 and y (a-r) == a. 

•„y from (.1), “we have . '. ' . 

curl (a-r) a=axa-f-O==O+O=0, 

Ex. 6. Find. y<£ and [ y<j£. ] when 

4> =(x 2 -! -> 2 ; bz 2 ) e ~& 2+y2 + Z ^ 1/2 • 

Sol. Let r 2 —x 2j j-j 2 +2 2 . . Then We can write fi=r 2 e~ r . 


Now. 


3 <f> . . d<f>' 

J+aF fc - 


We have ^ 


3x 


But 


r 2 =x 2 +.^ 2 -f-z 2 - 


Therefore 2r ^f-.=2x or 

dx «=. dx r 


So 
Similafe 


U= re~' (2—r) -=(2-r) x. 


. 3X: 


. |^=(2-r) e-'- y and =(2-r). e“' z. 


Therefore y<j&=(2—r) e~ r (xi -f j;j-f- 2 k)=(2 — r) e r r. 

Also.) V'/UH (-2—r-|=={2— r) e^-J-r ]-=(?.=v-)-cr. 

Ex. 7. Prove thafTtiv (r n r)=(/z+;3)r n . 

[Gorakhpur 1985; Rohilkhand 78; Kanpur 87] 

Sol.. We have “ . . y . . • 

- div (^A)=i.cjS ! (div A)+A>grad <fi. _ 

Putting A=r and.^=r" in this identity, we get 
diy (r" r)—r” divir-f r-grad r" 

' =3r"T-r-(nr n ~ l grad r) 

-■ [%* div r=3 and grad/(«)=/'(«) grad «] 



*r -.13 
* } -5 



r v 1 n r 

1 

515.11 

--j 

' V: y'2 

—3r n -fr* 

rirF 1 J " 

T 

- f; -. 


fv grad r=r=^-r' 


= 3r ,1 +nr n ‘" z (r»r)=3r r -f-ur ri-2 r 2 =^.(/x-i- : 3).if. 

Ex. 8. Prove that y 2 (r n r)=h (n+3).r n ~ 2 T. - [Kanpur 19.88] 
Sol. We have y 2 (r" r)==y [y-(r n r)]=grad [div (r" r)] 

..^grad [(grad i") •*+/-" diy r] . .. .. ; . 


3 

https: //t. me/upsc_pdf 


https://upscpdf. com 


https ://t.me/upsc_pdf 






















https:/ / upscpdf.com 


Join Telegramipr-MpPie^Update: i-~ http«r//t.m^|tpsg-pdf^ 

Arvt.v,,v:■„* ..- 


S 

g 



, 

X 


i 

3 • 


gradient, divergence a^d curl ' ;• ; ' 

~f ra< t 3 r )* r .~r3r n ]=grad [/zr «~ 2 r 2 +3M 

'2rf 

("•< >1 grad,. ,, : r _, ;j (n ( ^ ^ 

Ex. 9. Prove that div / r | -_Q . 

V., , . . / i v' fB^naras 1978] 

Sol. - We have diy| .JL (i—* 

.r-livrl.r.^a , , 

=3r-» + r-(-3^I r y _ . 

... the vector r ~ 3 r is solenoidal. . 

Ex. 10 . Prove that div r~7/ r 

... v ( : [Kanpur 1979] 

So*, div (r)—div / —- r | 

\ r J* Now proceed as in Ex. 7 . 

Alternative Method, 

div?=*- c 

. Now r 2 =xl+y+zt * ■ 2 r 9r o - •' 0r jr 

; . • * : 2 dx^ 2 **" 6 - dx^r' ' . \ “ 

Similarly ~==— and 

■ ...= ^ - 3 z r 

div T=v. wf £ f , J' iJ*r ' z i 2 rV. 

. . . . //-. \ r *r+7*.7+pr-Tj \ : ... 


=-_ ~.~rr j r- .3 i 2 

H rr~p*r'-7 sB r 

Ex. 11.. Prove ,to vectorf(r) r „ /rretofei- - 

o„. T , ^ - - [Agra 1974; Kanpni-75] 

Sol, The vector /(r) r will be irrotational if 

cu ri [/(r) r]== 0 . 

We^oow tharCorl-WA^fcaa ,t) > A |ou.i A. . 

Pulling mid A=r in this identity. we „ t ' 

Gu ‘‘l (/(r) rl=[erad/(r)]xr + /( r ) cur , r ' 

“f/ # (0 grad rj x r%(r) 0 

[V curl r= 0 ] 
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VECTORS MADE EASY 


- = ^/'<V) — rJ.Xr==/‘(r) - (rxr)=.Q, since rxr=0. 

The Vector/(r) r is irrptational. 

/%• ... [Agr-flOTT 

^ nov ^ t ^ iat if ^ * s 3- scalar function then 

v a /(>•)=’V*{v/(0}=div{grad/(r)} 

---div {/'(r) grad r} - div^i /'(r) rj>. 

= /'</) div r-^f . grad ji f\r) i 

-y- /'W+r-[{-pi 7 .rf 
=4^' W +[p-{-^/'(A+p/ i '«|i (r-r) __ 
=7/w[J-{-p/'WtpX»|] ^ ■ 

•; - p-/'g> X r J\r)\ i"(r) /"«•!-£'(<•;. —— 

Ex. 13. If show that 

. /(0=^+<v. • 

where r 2 =x?+j 2 -f;Z 2 an <3 *T» c 2 nrA arbitrary constants. , 1 

[Botnbay 1989]- 

SoL. As shown in the preceding example, if 
r 2 ==x 2 +J 2 +z 2 /then vV(0-/'T/>+?- . 

if v 2 /(r)==0, then ' / 

/"«+7 / ' w “° or r£j=~r 

Integrating with respect lo r, we get . * 7 " 

- '• -log f'(r )=>—2 log r-j-Iog c, where c is a/consfant 

■ v- ' /. 

X. ' . •> .. 




1 

i; 
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GRADIENT, DIVERGENCE AND CPRL 

Again integrating, 
c ■ 

./(/)= — --fc 2 where c 2 is tf constant 

replacing —c by c x . . 

■ ‘ Ek 14 ‘ thai ^ (p)-O p/di V (grad±j= 0 . 

■ [Meerut. 199IS; Agra 84 ;; Rohii&hand 81; Kanpur 791 
Sol. We have * • ■ ■ 

v/v-i-)=.div.(gr 9 d 4) - - * 

. ndi»(4 

■4||d i v tf ,. Erai i(_’j = ^ +r .|^lj gradJ 

_ • 3 • '73 .1 \ 3" -3. a r - ■ J • 

rS+r :’(r 4 r 

•• I/e is a solution of Laplace’s equation. 

Ex. 15. Prove that div gradr n =n (n +1) r”~ 2 , 

,;e -. " V 2 r n =« (n-f-1) t«-2 ‘ ■ 

[Kanpur 1978, 80; Rohilkiiand 81; Agfa 84; Jikaji 83] 
-Sol.- We.have v =V*(V r ")f=.djy (grad r n ) 

=div («/'-~ 1 grad r)=div {nr^ i rj =div (/ir"?**) 

. . =(n/77 2 ) diy r.+r*(grad nr”~ 2 ) '' 

• =3rir~-*±r .[n(n^2) r*-z grad r] . * - . 

=3^4r^{n-2):^ r ]=3n^+rt (r^- 

-3*r" +n (n-2) r«~‘ -/*=„,-? (3+n-2)Uh (n+ 1) r- 

■ ^ o e ; /r than v 2 (r J )={—i) (Mil) r-^o. ' .. , 

E.X. 16. Prove lhat curl grad n>—0. 

q , _ .... [Rohilkhand 1992; Garliwal 8,1] 

Sol. .Let r" Now proceed as in identity 9 of §11:. 

. , Ex.^7. Ifi is the position vector 6f the point (x.V *Y-.dW 

iKacpar'19.78]' 

: f° h ^rtCMfrfc^XA+^curl a: Pattin'g 

y—r and A—r in this.idcntity, we get 

cud ( r » r )-( V r»jxf+/curl r 
- =(nr«7 1 yr) XT+r" 0 


rj-2 


I 
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VBCTORS MADE BASY 
[V y/(r)=/'(r) yr and-curl r=curl (Yi+> 3 rf zk)=0] 




/ 1 Y 

r 1 



= j nr 1 '- 1 -r ] Xr 

v yr=- r 

'q 


V r 7 

L r J 



=nr h_? (rX r)=/jr n - 2 0 

[V rxr=0; 


i. 


-5© 



•=0. . .... 
c. 18. Pfdve that r n r w an ir rotational vector for any value 
~of n but is solenoidal only if. 'n -{— 3 ="0. [Agra 1976* Rohilkhiand 78] 

Sol. Let F=r rt r. 

The. vector F is. irrotational if curl F=0- Proceeding as in 
Ex. 17-show that curi (r n r)==0 for. any value of n. 

r n r is an irrotational vector for any value of n. ■ 

The vector. F is solenoidal if div F=0. Proceeding as in 
Ex..7, show that div (r” r)—(«d-3) r rf . ' ' . ' - 

-= .*. the vectpr r" r is solenoidal only if (n+3) r";=0 i.e., only 

■ if'n-)-3=t.OLe.,. dnly'if «=—3- *.' ' • 

19. If n=-(\Jr) v,,show that.yXu—Oi . [Kanpur 1979] 
Sol. We have yxu=curl.ir=curl [(1/r) fj. 

* We know that curl (<j6A) = (y</>) X curl A. “T 

Replacing <j> by 1/r and A by r in this identity, we have 
curl [[ 1 /r) r] = [y (1/r)] X r+( 1 Jr) curl r 


Ja) yrjXr-j (1/r) 0 

■ :-?H” 


curl_r=0 and y /(r)=/'( r ) V r ] 

[•• 1 


yr=- r 




. =_!• (txr)=_i 0=0. 

Hfence y x u=0 if n=(l/r) r..' 

Ex- 20. - If n=(l/r) r find grad (div u). • . [Kanpur 1976] 

Soil Proceeding as in Bx.'10, first show that 
diy u=div [(1/r) r]==2/r. • - . 

~. grad (div n)=grad.(2/r),=(—2/r?) grad r \ - 

[V gtad f(r) =f’(f) grad r] 

2 


2/1. V 2 
--r 2 (r r J ^ 


■r 2 =>x 2 yy % 'and c^ c i are arbitrary.constants. = 


Sol. Wfe have V 1 KO 




Ex. Mr. If y * f(r)=Q show that - f(r)—c y log r+c 2 where 


[Poona 197GJ 


as 


3£ 
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VECTORS MADE EASY 


*■ \ i. 



4 i2i {- a ^ (*'**! 

' Vfe knaw that Ax(Bx C)=(A*C);B—(A-B|C. 

' (A-B) Ci(A-C) B—Ax(BxC),_ 

, (-•*) ^-^-^(gx^a-O 

^ja-Xi J~y a-fa X X | i.X -=(a- V)« l a x(V X a) 

= (a*V) a f a >< ca rl ; 

. tece^V a 2 =(a-V) a+aX curi a. 

S’Aow that curl a j>(r)=-ff r ) rxa, where a w acQiis- 

' . fKanpur 1982] 

tant vector. . 

■ ~ Sol. We know that curl (^A)=(v^)x A+^ curl A T Repla- 

cing.^ by ^(r) and A by a in. this identity, we.have 

'■ eurl [a ^(r)]=[V < /‘( r )l x a +'K r ) Clir ^ a 

=[<f>'( r ) vdxa+^(0.° .. - ' ft 

[V. a.is a constant vectors curl a. u 

- , . j ;•>)••-] <»[ •' vr "‘ r 

—- <K( r ) r x a * 

Ex 24..: PTnvei/2ai'v Y (^)=^V 2 4 , + 2 V^*v4'-+'i , y 2 ^- 

[Meerat 197Z;. Bomhav 86] 

' Sol. We have V ? (^)== V *{y(#)] . 

=v-[f (v^+^ (vM= V (v<l-)]+.v •I'Kvffl 

. """ ■ ,-=4y .(Vt]>)+(v4')'(V^)+4'V*(V , l > )+XV'{ , ) , '(V^);• 

Ex. 25. -Prove that diy (V‘£ x V'{d=0- 

. Sol. -We know that- * - , .. . 

' Vdiv (AxB)=B*curl A-A-Curl B. . 

• d iv (vi>< V$) ^ (V'l') * (Cu rl V “' (V $)' (Curl V 4') • - 

'-(V«-0-(V«-“ tv curl grad 4=01 

=Q> ; / :• . 

Ex 26./ If A and B an? i \rrotational, prove that AX.B u so/e- . 

' oidal ' ‘ [Bombay 1988; Kanpur 77,79} A 
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GRADIENT, DIVERGENCE AND CURL 


Sol. IfA and Bare ^rotational, then 
’ ciirl A—0, curl'B=0. 

Now- .div (AxB)=B.curI A-A-curl B=B.O-A. 0 =O. 

Since div (AxB).is zero, therefore AxB is soleuoidal. 

Ex. 27: - Prove that curl grad 4>) = 0. 

Sol. Wc know that 

; curl ($A)=grad f x Af<f> curl. A. 

Putting grad <£ in place of A, we get 

- ' curl (* « rad #=Srard;^ xgrad curl grad J, 

= 0 +^ 0 . 

Here grad xgrad ^ == 0, since it is the cross product of two 
equal vectors. Also curl grad <^==0. . - • 

• eu rl (4> grad.9&)=i0+0=0. ‘ 

Ex. 28.. If. f and. g. are two scalar point functions,prove that 

:.ay(fVe)-f9^+W,Vg..: ■■ , 972 i 

Sil. We hive j+|? k. 

o x oy dz 


Therefore./vg ==/ — i+/ |£ 5+/^ k. 


.S i ,d i v(/v^(/J).+| ; ( /; |) + |( / |) 


3 * , 3 / 3 *. 3 / 3 /?\ 

W’+ay+sW+N* a*+a? ay+ai aij 
-gl-a-g/ y- 

\ax 2+ a^ 2+ az 2 j. . 

- / 3 /~ ,- 3 /-. 

- + fe/ I+ 3g J 


j.+ 


0 T X 


- \ ( d S -,og ' og \. 

■'-s, H ^ k ). 


'Itr 

d.z ) \dx 1 

=/V 2 g+V/*V^-, - ;• - 

- *** 291 ' Af^toYfunction ijs the product of a scalar function 
and the gradient of ascalar function. '. Show that 

V f ’'curl f■= Qi ■ [Kerala 1975] 

f $ £ rad where and ^ are scalar functions. 
We have curl f—curl (tKgrad <£).■ • 

We know that curl (M)=(grad 4)x7lN curl A/ ■ . 1 . 

— - curl (if, grad ^)-(gi-ad 4 .)x (grad <£)+<}, (curl grad <£) 

--(grad «[) x(grad <j>f [ curl grad A= 0 ] 


Now f. curl f=(4/ grad <f>). {(grad 4 ,) x (grad <f>)} 

-[^ grad ^/grad 4 ,, grad ^.= 4 , [ gra d grad^, grad 
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<j ' VECTORS MADE EASY 

=0, since the value of a scalar triple product is zero if 

. two vectors are equal. 

.Ex. 3Q. Given that p F=y/>, where p, p, F are point functions 
jyrove that F ; cur/ F=0. ]Iferara 1975] 

Sol. W« have F .(!/,,) V />, where 1/p and.j, are scalar func- 
. tions. - Now proceed, as io Ex. „29..- 


or. 


Ex. 31. Prove that y *<|ry. ^-- 
div [r grad W 3 ]= 3rr 4 . 

Sol. We have v ^A=gfad r ~ 3 

. ; fMk.. 

Now'll (r~' 3 )- 


[Meenit 1991V] 


dr 


3r '’S’ Put r 2 ~x*+y*+ z 2 . 


dx 

"Therefore 2r ^-=2 jc or 

9x dx r 

So. ^ fr" 5 ) =— 3r~ 4 = ~ 3 r ~ 6 x: — 

- Similarly - (r- 3 )7=—3r~ 6 ^ and |^ (r- 3 j=t- 3 r -s z .- 

• Therefore y ^J ——3r- s (xi+^jlfzk): 

-*j_ r V == 3r 4 (xi -[ | zh). ~ 

' * V V - (ry. p §](~ 3r ~ 4 *)+|- y (r 3r_4 ; >).f ^(-3r~ 4 z). 

'•rNowil r C-3r-^=J2r- 5 |^x-3r^ ' ’ 

■. . " dx : :J ' . dx- • - 

- ' = 12 r~ s -^~ x-r-3r-p=\2r~* yp —-3r~*. . 

. 3. 


Simifarly — -3r- 4 Y) = 12 r-« j 2 —3/^'- - 


and 


dy 
d_\ 
3 x- 


(—3r^ 4 ,x)= I2r~« z 2 —3rr 4 . 


Hence y> {rq pj = 1 2/y? 9r" 4 . 

, : ' ' = I2r~® r 2 —9r~ 4 = \2r~*— 9/--*=i3r- 4 

Ex. 32. Prove that a *,^V —-| =_i^F. 


https ://t.me/upsc_pdf 


https://upscpdf. com 


https: //t.me/upsc_pdf 
































https:/ / upscpdf.com 


Join ^eiegram for More .Update : - https://t,me/npsc pdf 


1 1 r --L 


gradient, divergence and curl 

. Sot: We have 

■ \ grad r=s ~ , 

. . r- r 

Ex. 33. Prove that 

6*.v /a*y - y^ 3 (a-r)(b-r) &.b 

- V r.J - ~p5 

where a and b are constant vectors. 

Mlllifc Sbc>wn in (iie last.example, we have ' 
■ a-V 

• . ' P T- r 3 . 


■Vi ; v ^ 

-; ' I--...(Tl-r) Ail _ 

' 1 O .. - / J 


t - a is a constant vector] 

— X 1 
)x^7\ 


dr 3r. 

a —=i and 
3-x- 3 a: 


= b :{~?*+p (a.T)r| 


a-b 


.. fV Xu.. r) 

• ■ . ' . • r? rt '~~ p——* 1 ■ . : • • 

Ex. 33. Prove that div(A y r u. - - 

-Sol. We know-that . /r/A *' [Rohilkhand 1979] 

- div (AxB)^B: cw I^ A;curI g ; 

- d,v (Axr)-r.cnrI A-A.cnrlr 

-_ ■ =rrciir'lA— A »0 r .. . nT . 

■ =r.curI A. - “- f ‘ curf r=i °J 

C{ ?™ tant v e c t0rdprove.that 

^ ^h0 Xr)}7 °‘ [AUa,,abad 1980; Robilkband 77] ; 

/:irp^^^ div 'A^A.grad A 

'V 


• 3S1 


& 
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VECTORS MADE EASY 


I *2-2-- 
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# 




• m 
I.® 


! £S. 

r ^ 


\ 






—r» (r-curl a—a -curl f)r( aX T)-^nr n 1 r 

= ^( r .©^a.rO)+7Jr": 2 (a; Xr )*r . _ m 

[*•'. curl of constant vector is zero and curi r j 

— nr r," 6 ■ 

-0, since-a scalar triple product having two equal vectors is 

zero. ’ 

Ex. 3.6. Erdye that- 

S7 .{UyV-VvU)=Uv 2 V-VvU. . . 

[Meerut 1969; Bombay 89; Agra 70} 

Sol. We have y -{UsjV—VsjU) 

=y.•(^vF)-y-(W)- . 

Now V 'lUyV)=U ( V • (V^U (V^Kvt 7 ) 

= t/y 2 V-j- (V Z/MvK)- ■.. 

Interchanging tJ and V, we get. 

V *(NvN)= >V^-!'(vf);(vN). 
v. S7'<UvV-VvU) . 

^.[£v 2 ^+ (v u) • (vN)] - [ V^u +(v ^) • (vt/)] — 

—Usj z V — Vsj^U. , ’' . • - - 

37 /fa ani b are constant vectors,prove that 

^[(ixa)xb3^-2b- a : * [Roland 19^ 

(f -)-Wi/rx a)x-b]=b x a. [Rohilkhand 1979; Goraknpar 87] 

Sol. (i) We have (rxa)xb=(b*r)a—(b-a) r. 

div [(r X a) x b] == div [(b *r) a—(b • a) r] 

^ __=div [(b-r) a]—div [(b* a).r] —A 1 ).; 

But div (^A)=$ div A-f-A- grad <p. ~ - 

Taking V>=b-r and A — a, we get 
, div [(b-r) a]=(b-r) div a-fra-grad (b-r). 

Since a is. a constant vector, .therefore div a=0. 

Also let 'b=b l i +&2 3+^3 k : . - 

Then b. r== (bp+bj+bjt)- (xi +Nc> 

^b^x+b^y+b^z where.#*, b t , % are constants. 

^ grad (b • r)= bj + 62 H- bjt b. __ 

- div [(b-r) a]=a-b! - "’ (2) 


Again divI(Fa)l r^(b.a) div r+r-grad (b^a). 

/ But div r= 3.. Also gr ad (b-a)=0 because b-a is constant. 
A. diy [(b-a)r]=3 (b-a). 

.Substituting the values from (2) and (3) in (1), we get 

div [<rXa)xb]=(a*b)-3 (b-a)= — 2b-jt 


(3) 
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GRADIBN-T, DIVERGENCE AND CURL 

-\ 

(ii) Curi|(rx a)X b]sicurl [(b-r) a-(b.a) rj' 

t(b*rj a]—curl [(b.a) r] 

But curl (£A) =gratdj0 xA^ curi A. ' • 

cu d [( b * r ). a ]^ r ad (b.r)]xa-j-(b. r ) curl a 

., . : = ^. x 4-iy curl a=o and gradfb. r>= 

A 50 CurI K 6 -* a ) r Mgra<I (b.a)J Xr-}-(bVa) fcurl r 

= 0.fV grad(b..a)==.O.andc{irlr=b] 
cuf I [(rX a) x b] = b X a- 0=bx a. ’ - J 

)x. 38. If a is a constant vector, prove that 

a- - 3r • ' \ . 

3 + "r ( a *f)- • 

[Rajasthan 1983 

* 


r axr 

curl ——- 


r*. . r 
Sol. We have 


- T 3a ‘ :— 

Now g—==0 because, a is a/coiistant vector; 


.-(1 


, ‘dr-.... 


dx . 


Also r=xi+jj-f'zk. 

Further " • 

■ ox r 

. (1) becom'e$ . ; .. 

• - d f a-X-^rV- Ur~ ' - ■ -J—- - 

r 3 j — ^ X r ^+r 3 ( ax 0 

3x - 1 

• . ^-7r:( ax r>f^(?xi). 

• ■v d /aXrV' 3x : . ,[ . ' 

/• ^V^j-;77r^(axr)+^ lx(axi) 

3 jc r * 

= -^[Grx) a~(i:a) r j-b-i [(i-i) a-(i-a) i] 


, 3x - 
xa+—. flr + 
r“. . 


1- 


I . 


3^-3 , 3 

=—pr 


( - ahd. ba=a 1 if a—^i-f # 3 fc 

i 


5 a ~^ <VV > 
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VECTORS MADE EAST 



i&i. 

1 

i 


. TV 

. 3 
a 
' •;|3 

® ' 


5: 

& . « 

- ^ 


- \ 



#> • 

-4 



Ex..: 

d 1 


Sol. 

d f 

© 4 



o t 


3. 

^4 1 


_ 3x 

*© 1 
& 1 

© 

Now 

© 1 


' /O' 

GO % 


r 

a ?. 

£& • 


d 1 

It 

Simil; 


r* 2 * 2 / ? a i x J r +^L a ~^ 2ai i 


*•3 


r 


a 3 7 - 
r^r 5 ^ 


3 1 

■P a ^ a 

[V 2x 2 =r 2 , 'Za 1 x= r*a, aj 


[Agra 1981] 


-( 1 ) 


© ■ 


m 






m 

© 

-s=v 

igl 

© 

© 


Putting t hese va lues in ( 1 ), we, get 

>!' v r } 7 A'H > /' (r)~/W 

.Ex. 40. Evaluate div {a x (r x a), . where a is a constant 
vector. . / S\ ^ ‘ •!" [Kanpur 1976] 

Sol.- We have div. (a X;(r X a)} - ^ 

,div(a xb), where b==’rxa • • . • 

=bi(V Xa)-a-(vXb) .ESee identity 5 of § 11] - 

__ = ^~^ r fa^b) .[; .'— a is a consta nt vector => yXa=0] 

■' =-a.[y_x(rXa)]. \ ...(]) 

Now c=jci-f jj-f zfc.; . . 

: Let a =a x i 4 a 2 j+c 3 k. -Then the scalars -a x , a 2 , a 3 are all 
constants. ' . ' . • ' • « 

Proceeding as in Ex. 19 part (ii) after § 10 ,\we have 

curl(rx-a)-vx(rxa)=— 2a, [Do it here] 
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gradient, divergence and curl 


Hence from (I), we have r ~ 

- • div {ax<rx a >;>=-a.(-2a)- 2a ^ = 2^ 

Ex. 41. //a irf b cdnstan , iHen ^ ^ 

V-(a*bf)=3a.b. . •— ' 

..'; Soh ^ "■-' v.(*a).. ( vW ; a .;. 5 , <v ._ 4) . 

. R Vhcmg 4. by a,b and A bv r f^identily 3 of fl 1J 
we get 7 111 the above identity,.; 

:V.(a ; l-Hv(a.b)]; r+( 3^. t) 

Since.a and b are constant vector*’ th r ’ ., * ‘“ C ' 

tant spalar. ’.V . s ’ ^erefore a-b is a tons-’ 

• . V.(a*b)==Or ' . 

Also vr=v(xi-f 

~^ X ^dy + 1-fl =3. . 

Substituting these values in ( 1 ), we get '7 \ 

V-(a*br)=0v r+ 3(a.b)=3a.b. " 

Ex. 42. Prove that V * ' ■- . - ' . • 

Soi_ w^„ wtka e y ; WA) ^ v;A>+A . 

■ng r and identtv ^ 

■ /r v I ‘ • / iC J * "T-*?* - T 


~d> 


V ‘& 


(Vr)J;T.| v .^ 

' /« 1 *•[ ,j V<- | 


3 2 • • 

( f * r ) r 


3 2 


r 


2 ' 1 

r 2 ~- 


y* r =3 arid -y f(rj~f '( r ) yrj ■ . 


' v -( 


7 « 


■I 

VZi 

K 


I 


£ 
■ p 
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VBCTORS made easy 


,=^—( 5 ^)+ r *[v using the identity ( 1 ) 



constant vector. .. - [Gorakhpur 1983] 

Sol. Curl [rX(ax-r)] . 

—V X [(r • r) a (r ■> a) r] : [ v a x (b X c)=(a • c) b — (a • b) c] 
=VX|> 2 a—(r.*9>r3: [V f r r=r 2 => 2 ] 

—V H (r 2 a) - y X ((r * a) r] 

~ [V . yx(A+B)=v : <A+v x ^] 

rr(V /• 2 )Xa+/: 2 (y Xaj—[v (r-a)jx r—(rva) (yXr) ' 

[V vx(<|>A)=(v^)Xi^r| ^(vXA)t 
= (2r yr)xa+r 2 0—[y (r*a)] Xr—(r*a) 0 

" [ v Vf( r )~f'( r ) VC V x a=?0; a 
being-a constan t vector: and v xr—0|_ 


xa—[y (r-a)]x r 


' ( V r r ) 

_ = 2r x a— a XJ— •_ -44^ -y-(r.^a)^=a, if ,a is-aTbnstae-tvector. . ■ 
- • . ' ,. See Ex. 9 after § 4..; Do it here] 

=-2r X a-F-r.X a=3r X a. ’ • y 

. Ex. 44.^-Prove that^q X (Fxr)=-2F—;(y-F) r+( r *V).F;. 

v : . y • -x [Allahabad 1980] 

.Sol. We know-+hat 

y X(AxB)=A (y-B)—B (v-A)-f(B-y) A—(A*v) B. 

r [See identity 6 after §11]. 

Putting A=F and B=r in this identity, we get - ' - 

/y x(Fxr)=F (y*r)—r.(y*F)+(r-y) F—(F*v) r. 


■ J-l£: 

:3 


How -V - r=y • (xi -hyjrf zk) 
3.' 


dx K z * (2) ~- 1 + 1 + 1 - 3 * 


-CQ. 

...( 2 ) 


If F--Fji ] Fjjd-Fjk, then 
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gradient, divergence and curl 


'■'•v !-Ci i FJtiM ~+i : %+k i) . 

\ dx: . dy dz/ ■ 


- /T §_ _j_ E- 3 


- -(3) 


•• '-fcl#'. ^ I) 4+M 

• ^ 33c ( xi +^j+zk)+...+' 

. ■ " : ^+i r 2 j + /'Vc=:F ; _ 

from (1), (2) and (3), we get 
,VX(Fxr)=3F~(v -F) r+(r- v) F-F • - : 

, ' -• — 2F-^(v-F).r+;( r . v).F-.- ' • t 

Fx. 43. If Hand b are constant vectors, proje that 
S ra .d [(r x a)• (r. Xb)J== (b x r) xa-f (a xf) x b. • 

Sol. We have (fxa).( r .x b) [Kanpur 1977] 

. f r*r r*b I.' '. 

| a* r a• b J’ by - Lagrange V identity - 

=(a-b) (r-r)-(r.b) (a.r): ’ - 

/. grad:[(rxa).(rxbj] ■ 

=?grad [(a-b)(r^)J(r. b ) (a. r )j. ' 

. =grRd [(a.b) (r.r)j~gradi(r..b) J (a^ . ; 

-(a-b) grad (r.r)-|-^r-r) grad (a.«b) 

-(P*F)irad (a-r)-^(a: r ) grRd (r ; .b) : ...(1) 

■ f **’ (#)=i 'grad <f+<p and AT ? 

J^owgrad ( ri r) = grad rW gra<1 ■ . \ " 

=2xi+2j].+2zk=(xi-]l>j-frk)=2r. ^ 

. Further if a is a constant vector, then grad'(x/a) ==a Similarly 

b is a constant-vector implies grad (r.b)=b. • -V . - - Jy 

Putting the above*values in (1), we have ^ ' ' • - \ ' 

grad [(rxa).(rxb)]=,{a.b) ( 2 r)+(r-r) G^r-h.) a—(a.r) b 

,v--[(a.b)r-(r.a)b]+[(a.b)r~(r.b)a] 

--(b x r ) Xa-f-(a x r) X b. 

where a n a constant vector., [Rohilktand I<>U 1/■ 


r; 

I 


I 

-X 

a 


as 

g 
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* 
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. VECTORS MADE EASY- 

Sol. We know that curl (^A)—(grad <j>)-x curl A. 

Putting <f> = r n and A—axir in this identity,'we have 

curl [r"(a xr)] =(yr' 1 ) x(a xr)+/f curl (a x r):- ...(1) 

Now yr n =nr n ~' 1 "\tr=nr n ~ 1 (1 jr) r=nr n ~ 2 fT 1" *7 
V (vr")x(axj)—(nr”’- 2 r)x(axt) 

=nr"- 2 rx(axr)=«r"- 2 [(r-r) a-^*a) r] 

=nr n ~ 2 [r 2 a—(r-.a) r] 

=nr n a— nr n ~ 2 Jr*a) r. --(2) 

Aiso r'=xi-t-y}-j-zk.- . 

Let a— a 3 i+a 2 }+a 3 k, where the . scalars . a 2 , a 3 are all 
constants. * 

Then 'axr= 


i 

a i 

x 


y 


k 

z 


m 

# 


=(a 2 z— a^y) i+(a s x—a 1 z) j-f a 3 x) k. 


curl (axt)= 


l 

3_ 


j 

_a_ 

9j> 


_a 

3z' 


a 3 x~_a^z _ 


rs k; 

~(°i+ a i) *H-(< 2 2 .-j-fl 2 ) j+(.ff 3 +o 3 ) k=2 (Uji d-<3 2 j-f-s 3 k)=2a 

' - . . ' ...(3) 

Substituting from (2) and (3) in (1), we get 

■Curl [r"(a xr)]=flr" a—nr" -2 (r-a) r-fr n (2a) 

/ =(n-f 2) r n a—«r"- 2 (r*a) r. 

£x. 47. Prove that a• {y(v-'a) - V‘Xpv x a}} = AV v, wfere a n o 

constant unit vect&r. - ■ ' *■ 

^ '■ . - ■ -- .... 

Sol;- We know that 

® V(A* B) — ( Ai-^V) B+(B 9 S7) A+A v(y x B)-f B X(y x A). 

V ( Y • a ) * VO a ~r ( a * V j X.m 7 v X (v X a)-f- (V X v) 

*:v- XAr ;: -r'- ' V ' ’ • ' -d) 

.©A.A, : ■ ; . 


-© 
® - 


© 


- 
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■GRADIENT, DIVERGENCE AND CURL 


Let 

Then 


X - V i * 4 - v 2 j T- v > 3 k. 

v-V=(v 1 i+v 2 j+.v, k).^ 


.3 3 

‘ -+J- 37+ k 


dx 


= v. 


■ + '- 


1 dx^^dy 


( v * (., ;: v iyL<] 


-( 2 ) 


• 9a 3 a 

• -’’•S+V^+^g 

• ' " —0,. because a is a constant vector. 

Also y Xa=0 ; a being a constant vector. - 

from (1), we have 
V C v ; a )=( a * V) v-fax(vxY) 

Also we know that 

VX(AxB)=(V;B) A-(v .a) B+(B. v) A~(A*s?) B. 
VX(vXa)=(v.a) v-(V-v) a+(a.'vj v-( v .y) 2 

= —(V'v) a-f(a*y)'y , (3) 

• ,V *a=0 and (V- X7) a=01 

Subtracting (3) from ( 2 ), we get • J 

V ( v " a )~VX./vxa)= a X(vxv)+(v-r) a . ’ 

IVifuitipIying both sideiFof ( 4 ) scalarly- by a, .we get ' 
a.[v (v*a)-vx(Yxa)]=ra.[ax(yxy)]+a.i(V.y) aj 

, -[a, 'a, VXv]+(V *v) ( a . a ) • ' 

— 0+(V *v) a 2 , since the scalar triple product ’ - - 

_y • ' [ a » a, v xVj=o” 

— * v ^ * a " = i a l ? =L,a being a unit vector] 

-=div v. 

Ex- 48. If a is d constant vector, then prove that 
(i) V (a-n)=(a« \7) u+axCTw/u, ' 

(iij V *(a X q)=— a-c«r/ u; 

0 .yx(ax.u) = a AV a-(a.y) [i. . 

, SoI v (0 Proceed exactly as in Hx. 47 . 

J®efi a vo;v(a- 0 )=(a,v) a + ( 0 ..v) a + ax(yxu) 


■fnx(vXa). 
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, VECTORS-MADB EASY 

• - V • 

Sinbe a is a constant vector, therefore 
. . (u*V).a=0 and vx.a=0. 

'f (a-o)=.(a* V) n-J-a xcurl n. . __ 

(ii) We know that y -(A xB)=B*(V x A)—A*(Vx B). 
^*(ax«)=u.(vxa) -a-( v xu) . 

=u-0—a-(yxu), sin<« yxa=0, 

'■a- being a constant vector 
; ' =0—a- Curl u = a *cjrrl 5i. _ 

(hi) Proceed exactly as in Ex.47> using the identity for 
Vx(A.xB). •• . ... • . 


•c 


m 

@ 

m 

m 

m 

"i 

© 

# 




- ---= ■ 

@4 
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MISCELLANEOUS 


(I-VSTUOTEOf IIAIhewioi sCfliCJSj 

INSTITUre FOR IAS/IFoS EXAMINATION 
Mob: 09999197625 


1L Velocity and Acceleration. 

# - > ■ 

If the scalar variable t be the time and r be the position vector 
of a moving particle P with respect to the origin O. then Sr'is the 
displacement of the particle in time-S/. 

The vector.|^ is the average .velocity of the particle during the 
o( 

'interval St. If v represents the velocity vector of the particle at IP, 

,, . Uni Sr dr 

then T — S/ _To St ~dt . 

Since ^ is a vector along the tangent at P to the curve in 

at _. ...--- • . 

>v5Tch the particle- is moving; .therefore the direction of velocity 
/is along the tangent. 

££-£v be the change .In the velocity v during the time St,. then 

is the average acceleration during that interval. If a represents 

the acceleration of the particle at time t, then 
__ lim Sy dv iVdr\ dh 
a S t-fo St ^ dr = dt\di j = dt 2 ' 

' 1 Solved Examples 

Ex— 1- If -r —(/+1) !+(*■+./+1) j+O^^+H-iyk find- 

dr , d 2 r 
— end —. 

dt dt 2 ■ " - 

Sol. Since i, j, k arc constant vectors, therefore 

■ _ 

' dt~-dt~dl‘ 


- , 


’ # 


H 

£5 




m 
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DIFFERENTIATION AND INTEGRATION* OF VECTORS 

^ (' ? +*+0 (/ 8 -f t * 2 +H I) k 

= i+(2/+ 1) j+(3/ 2 +2r+]) k. • 

... d 2 r- d (dt\ di d ■ d ~ 

Agal "-^=*(a|=*+sX 2 '+ i ) j+ 5 .(3<*+2r+J) : k 

. =0+2j-f(6/+2) k=2j+(6t+2) k. V 
Ex. 2. Ifr—sin / i-fco-y.-t-j+f k.-find: . = 

£pr| — 

5*r 


(O ^.-C/0-p; («0 |^j, (/v) 


[Agra 1978] 
di 


Soi. Since i ; j, k are constant vectors, therefore ^.=0 etc 

.. ;• at 

^Therefore 

® ^=^( s « n 0 i + ^< cos 0i+j r (0 k=cos t i—sin tj- 

^ ?r d f dr\ d ‘ d dV : 

(} dt^dt{dt)=di^ o y-jt (sin o 

= sin f i —cos t j-pO—— sin t i—cos / j. 

(*' *> J .% I = VTfcos 0 2 +(—sin OH (1 ) 2 ]-V2- 


^ I 0 z +(— c oy) 2 ]=L 

"Ea. S7 /fx^(co\ nt) i-\-(sin nt) j, where.n is-~a constant and t 

varies, show that rx-j-—rite. 

dt _ 

rj Sol. We have . . . 

‘ *’ -d , : "T , . 7 

r.. dt~dl' COSrtt ' l -+~dt ( s,n «0 i=^-« sin nt i+n cosnl j_. 

^dr . ■ ; ‘ - v" 

r ^( C P S rit *^~ Sin nt j)-X(- — n sin nt i-f -n cos nt j) 

=—« cos nfsin nt ixi+n cos 2 nt ixj . - - ... 

—n sin 3 nt j x i-f-n cos nt sin nt j x j 


..A;-.'.- 


=n cos- nt k-f-n sin 3 nt k 


i*<*—6,.ixj=o. i >. 1 =^.jx : j ; 


- : j 


=^=n (cos 2 nr 1-sin 2 «t) k=i/ik- ' - 

2 • . _ 7 /. a ' b dre constant vectors. V is a constant , W r ij a 

"vector function of lhe s scalar variable t given bv . V 

t-rcds o>/ a-jf-jm b; 

to-’ that ' # - 
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VECTORS MADE EASY 


si 



//2 r //r- 

- 7 -r -f<u 2 r=0, tf«<i (ii) rX-=uaXb. 
at* ■ at 


■D 


[JRohilkhand 1984; Agra 81; Kumayun 82 



Sol 

Since a, b are constant vectors, therefore 




*=o ^ b =o: 

dt ’dt 

:’S 


_ 

dxd . d ' 

fr 


(0 

Jrdt (COS a+ dt ( sm a/ ) * ■ 


# 


=s£- 

# 




a" 


m 

-c: 

@ 

: c^. 


= -— o> sin wfa^fo) cos <a/ b. , * 

d 2 r . . . * 

~==—co 2 cos (i)r a — G) 2 sin co/ b 
-dr 

. : . o> 2 (cos o>r a+sm co/ b) — —o> 2 r. 

d 2 v 

■■■ jf,+^o- ' • • 

(*0 r X “^'(cos o>r a-fsin w/ b)x(—co sin cof a+w cos cor b) 

= cos 2 Gir aXb-CO sitf 2 to/ bxa [V aXa=0;bxb=0] 
=co cos 2 cor a-xb+oj sin 2 cof a.x b 

= g> (cos 2 cor+sin 2 cor) axb=coa xb. 

Ex. 5 .—^t^(^j7j/z /) a+(cosh t) b, where a arid u are constant 
f d 2 r : 

Tor,?, then show that . ' ■ 

SoL Since a,- b are constant vectors; therefore- _ 


c/a </b' n 

_—0 —^=0. 

dt K dt 

■p t =j t (sink 0 *+J t ;( c «sk 0 b. 
' —(cosh 0 a-f (sinhf)l>. 

dh 


flz. r> 

^p=(sinh /)a+(cosh t) b=r. . 

Ex. 6. If r =/ 3 i+fi* 3 - j, ffW that, rX^=fc 

SoL We have r=i 3 « l (?7 3 - . 


(Utkal 1973] 


J J 3t* i I I 3)}. 


>••5 >['• H-(2<>-i)i]x[3r> « I-(**>.-£) I ] 
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DIFFBRJBNTIATXON AND INTEGRATION OF VECTORS 


[V iXl=0, J*xj=0] 

[V ixj=k,-jxi=—k] 

-(6/'+|-6/ 6 +|jk=k. 

Ex. 7; If afe~ nt b, where, a, b are: constant vectors. 


d^T 

■ show that -^-z —n s r==0.' 
dt 2 . 

Sol. - Given r=e®' a-fre - *' b, 
where a, b are constant vectors] . 


[Agra 1976] 

~<1) 


•V ?+*“ ' 

• ■ ■ __ r • dz db 

ner* b. v ^-=0=^-, a and b being 


.constant Vectors] 

Again differentiating with respect to t, we get 
dh 

-ri 1 enX a +» a e~^ b=?i 3 (e n '-a-j-g-«' b)^n s r, from (1). 
d 2 r 


,1 


-n 2 r=0. 


;*>■; 


Cf 

Ex. 8. 7f r=zsin oir+b cor^H-— s/Tr <St,-prove that ■ . . 

■ '■ ‘ 

dhr - j ,2c 

- -}r<,j z r=— cos «/; . __ 

% . dt* • •. - • 0> . ^ ; . — 

where a, b* c are constant vectors arid oris a constant scalar.. 

“ "[Meerut 1991,' M a r a thwada 7^] 

. : # ' ■ c/ --r. ■ * * 

Sol. Given r^a sin cat+.b cos.sin o>jf, ^ .*..(?) 

•• • / . ■ '• . • .. fc» . ■ 

where a,.'b, c are'constant vectors and « is a constant scalar. - v. 

dr , i ' c s - '. .vc • 

--~ *. r- p—a o n cos - 6>/ —b o> sm «t4--— sin oaf-t—r=.to-cos at 

dt ' w 2 - o> 2 


CL ~ ^ .. . 

and ; '^== —a<» 2 sin bjw £ cos cos of 

ui car 


C 


; c 


' -f-^ o cos at—— t « s sin oj/ 

* ■ /A* 


6> 


6>r 


--T:; : 


/ * Cf 

; = — CZ* I a sin G)f-f & COS G)/+— s5 


;cf „ \ 2c .. . , 

{ . - % • SHU©/ [4“~ COS tdl 
:6> - . / 03 
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“jS** 
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VECTORS MADE EASY 


2c 


— —to 2 r +~ Qos ca/, frotrr(l). 






# 


. ^ 2 i*, 2 2c 

^ r= oT- GQS “ r * 

Ex: 9- Shbw'lhat r=a e^ l -{-b e" 1 , where a and b are the ■cons¬ 
tant vectors, Wthc solution of the differential equation ■ 

dh dr ' 

x= 0 . 

Hence solve the equation 
d*r . dt „ 

: ., dt 2 ~dt wAere 


r - 

- r=i —==jybr /=0. 

SoL Wje .have r=aV T,r .+ b e nr . 
Where a and b are constant vectors.. 
dr 

~ ■ rf 2 r 

a n<3 ^2 = a m 3 n 2 e" r 

From (1), (2) and (3), we get 
. . <* 

(n»4-n) — -f/nn r 


[Kanpur 1977] 
— ( 1 ) 


...( 2 ) 

-(3) 


© 


© 


© 


tion 


-am2e^4-bR 2 e^-(7n4-„) [a ^ + bne^] T . 

= C' (ml-m 2 —wn+mn) ; a+e«' n a +m^ b 

—-Oa-J-Ob— 0Gi_ ' 

Hence r=a e m '-f b e?‘ js the solution of the differential equa- 


■d *r 


." dr 


m 


—dti~( m + n y ’T.+jhn Jt==Q. . , ; — 

b ' ' ■ i-:-: ’. . — . .(4) 

• and':,/,^i b ( 1 ) and : (4),we see that the 

general solution fif the differential equation" *' 

. . tl * r n 

r dff7Jt~r^ , , • - V 
7; 13 r=a/e?'+tre-f ' • • 

where a and b are arbitrary, constant vectors^ 

From (6)r ~=a 2e 2 '-b e ~'.. • ' • 


v..(5)^ 

*”( 6 ) 


But. it 


is given that for rM>, r=| and _ = i 

dt ■ 

■ v- N front ( 6 ) and (7), w;e have : 

: _xV'a-j-b==r‘ V. 






■w 


3 
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DIFFERENTIATION ANU INTEGRATION OF VECTORS 

and .. 2 a— b=j. . ---(9) 

Adding (8) and (9), We get 3a=d+ j or a=+ (i+j). 

Now ftom+8), we have b=i—a=i—| (i+j)=f i—£j. 

Y '. j ^ " X" ■ " " 

Putting a^- (i+j) aiid b==- i— j-in (6), the required solu¬ 
tion of the differential equation (5) under.the-given conditions is 


- or 


r±l (e'-‘+2er‘) i+^ {e 2 ‘-e~‘ j. 


Ex, 

10. 

Prove 

She following. 


O') 

rf- 1 

p db 

</a . d - 

•^ 2 b 

1 d z a 

dt\ 

[* v arr 

' -T 

a ’dt 2 

. dt 2 

.(«) 

d. 

f db 

rfa ,1 

I- ' 

d z bi: 

,dt\ 

L aX 5T 

-F xb j 

•= a X 

dt 2 ~< 




* + r 

db 

da ,■ 

Sob 

(i) We 


--j-d 


•b. 


Jb\ 

l 

(d * h v 



~dt\ 

X ./r *7 

- ' f 


da db d z b d 2 a 
dt'dt a *r/t a "<// 3 ' 

d 2 b d 2 a - 


da db 

~di.'di 


... d T db - da . , *1 

,n > ? J 

d.'t db\,d Ida. Y . 

■^dty.*di)~2dt\dt- ^)- _ 

da. db d fdb\ rd.Jda\~] ^ da...db 


• ? d 2 b d 2 a ' 


.Ex. II; If r=/ 2 i —t \+{2tf-\)'k/fmdait^(),the values-of 
~~ dr df I dr | I a r *rj ~—- — 

... , ■ : 


Sol.' -r=> i-/j+(2t+1) k. 
dr ^ 

/f 2 !: J 

and -r4=2i 


+a> 

--( 2 ) 




it? 

g.' 

+• 

$0 

i 

1 

&■ 

I 
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From (I) and (2), we have 

^ |=V[(20 2 +(- 1) 5 +2 2 H V(^ 2 +5) 


putting /—0 in (1), (2), (3J;and (4), wc have at f=0, 
dx */ 2 r I </r j . 

5 - / =-j+.2k,^=2l,bJ=V5, 


--(3) 

- (4) 


Sli-2 

dt 2 A 


dl 2 - ’.| 4/1 

Es. 12. If u=r a i-i,j.+(2/+i; k a/itf v=(2/-3) i+.j-tk, 
^ j= (u-y),.:H7//e« Yi=I. 

- [Kanjpcr 1982] 

A Sol. i-^)+(2/+I) kj=2t«-j4--2k . 

and 1(2 iH-j- : t k]-2i4:0 j-k. .. ’ . 

d .... . dy \dn 

_ /. i^ ii( . ' V 

=r> 1-7 j+(2<+0 fc].(2i-k) 

• +l(2t-3) i+i-/kH2/l^-j+2k) 

• =2/ 2 - (2/-|- l)+2r (2/-3)~ 1 -2r :v 
~2t 2 ~2t~ l+"4i' 2 —6/—1—2r ' • - - - 

—6/ 2 -10/-i2 ... . 

. =—6> when/= ]. . • 

__ Ex. 13- JfA^Si 2 i+t }-t* k -and B=4ft .t if- C ost jy/i/wf" 1 • 
(0 - 3 J (A*Bj; («) ^ (Ax B);. 


§(A:A). 


ja:.- :■ 


,4B 


Sol. We have . ^. « = i0t- !,+"j—’3f* k^ahd^- =cbs / -H-sm. t j- 


dt --y’f % J \ ~ . . 

r ^ ■/7 n-i ■ i dB- dk. _ : . 

' - - - - 

j^/ 3 k).(bos Ci+sin fj) " •. . 

: . +fl0t i4-j—'3F k) v (sin t i —cos t$Y 
■■;.=='-5r 2 cos ^rsin .^ipbsiri t—cos t . . 2-/ . 


~(5/ 2 a-, 1) cos/+1F sin r. 

( ! 0 We have A x B.=(5t 2 I-fc.Aj—i? k)x(shi r i—cos l j) 

k I 

—/* f . - 
0 • 


i 

St* 
sin t. 


-i-COS /■ 


——* 8 cos V I—(Qd-/ 3 sin If j-f-1—5r. 2 cos t^-t sin /) £' 


% ■ ■ 
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DIFFERENTIATION AND I INTEGRATION OF VECTORS 

.= --l l _ cos t i t 3 sia t j— (St^os /+*/ sin t) k. 

d ■ . . 

" d( (AX B >=(' 8 sm /-3 t 2 go 3. /) i—{/*'cos- r+3/ 2 sin t) j 

. • \ . ” ■ : 

- . (1 Qi cos i—5/? sin /-f sin t+/ cos' /) k 

'=**'{* Sid.;— 3 cos '/) i-/ 2 (f cos /-}-3 sin /) j ' ’ , 

(I i/ cos ff 5 l 2 sin /+sin /) k. 

(Hi) $(A.A) ■ 

’'==2(5/*i+/ j—* 3 k)-(IOri-f j_3/2k) ~ 

=2 [50 < s -|-/+3f s ]-= lOO/a-f-^-i-g/s; ■ 

Esc.; 14. If.i—a cos t i-f a sin i j fat tan at k.find 
\di d 2 rj I 

U X dt*\f nd . [dt’dt 2 ' : 

[Meerut 1991 P, 92; Agra 32, 88; Sanpar 88] 

■Sol. We have 
x/r 

7[ t = ~ a sm { cos t j+cr tan d k 


dt 
d 2 r 

dT*=- a cds * 1 

<?*r . . 

SlQ z l ~ a cos * J- 


—a sin f i, [ V 




-dt X .dt *“ 


dxi _dhl . . j_■ _ __ 

— a sin. C a cos t a taTTa 
-a cost ■—asint .0 • 
r=fd. sin t tan oc i—a 2 cos /.tan <rj-fc 2 k; 

^ 4 ;,sia 2 / .tan 2 cc-J-a 4 cos 2 Man 2 


—a 2 sec a. 


A ko S $ ^ r V ^ ' ‘. v ’ ' 

• r \dt' dt 2 ’ jp\-{dt X dt^y^. . 

=(a 2 sin t tan <r ir—a?eos t.t an a j+a 2 Jk)-(n siQ t i —a cos I jJ ~ 
=o s -sin 2 t t an a, i^i.+g 3 cos 2 /.tan q j.> •: '"'[y j>j=0 etc.[ 
=£ 3 tan a (sin 2 r+cos 2 t) [y i.i = l=j.j] 

— a 3 til a c.- . • • 

i? , c r/ -^ u dy 

1 .x. lb. If — =wXu,— = 1 V XY, show that. 


, . . dt 

Sol. Wc have 


— (nXv)=ov‘x (u x v); 


[Meerut I991S, Kanpur 88] 
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' VECTORS MADE EASY 

d ... _ . da dv 

j ( (u X v)=—r- X v-j-u X j-—t w X u) X y-f li X(wX v) 

-(vxff) u—(v-u) TT-f-(u-v) y/— (u*w) v 
' ==(y*.w)'ti—(u*w) v [V- a- y==v-u] 

=(f a - (w • u). Y=1Y X.(n X y). 

Ex.16; If R-be a unit vector in the direction 'Of r ,.prove that 
~ dR 1 - dr 

R di.^7* df wnere r = I r I - 


£5 


Sol. \\fe haveT^rfe; so chat 'R=r- r 
• r 

<7R 1 dr 1 dr 


[Kanpnr 1987; Agra 83; Garhvval 86) 
i 


dt r l dt r 2 dt r ' 


, T v ^dR 1 VI * T dr V 

HenceR X--f-=z- rx --—, T r 

• dt r \r dt r 2 dt ) 


1 ■ dz. 1 dr- 

• r 2 <27 r 3 </f 

1 : '..dir : 

'~r 2 dt ■ - rXr -O] 

iSx. 17. Show that r X dr—(rXdi)/r~, where r—r r. 

[Rohilkhand 1991, Agra 83] 

- -Soi:. "'We'Iiavel—-r. - - - — _* 

. * r 


Hence ^ (7 r )x (I drj rj 

• • " ' .== 75 * xdr-^Ldr'j fxr 


rXdr .. 

■ — since rXr= 0 . *• * 

r 2 - • - ■ - 

r .If r is Ike podtiori vector of a moving point and r is 

the modulus of x, sho\v the 

dp dr' , 

. ; . r - 3i =r : di ' ■ . ••• ■. . . • 

; ^interpret the relations r--^=--0andsx~ = 0 ■ . 

dt dt 


Sol. We have r.-r={ r | 2 r z . 


.[Rohilkhand 1980). 
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DIFFERENTIATION AND INTEGRATION OF VECTORS 


or 


or 


or 


d . d ■ 
dr dr </r 

- r -* + Si- r = 2r S 

2r 4=2ri ; 

<fr dr 
T 'dt~ r dt 


r.. a a- i 


Geometrical interpretation of r.^rO and r v£ r _n' 

^ dt -dt ‘ 

r ’di^° V i$ a ^ssary and sufficient condition for the 

vector r (/) to have constant, modulus while rx|=0 is" a neces- 

Son. SUffiCieDt ^i^ 011 f6r ^ e Vert ° r > <*> *> halte constant 

. - 19 ' , direction of a differentiable vector, function r(t) ' 

is constant, show that rX(^)=p. ^anpur 1982; RohijkWW] 

Or 

is CoUinear with itT^ °^ C ° nStant direction, show that its derivative 
! . [A%habad'1981J 

a constant direct ion 3 V=Ct0r rft! »^ a -'acviK«dfe-t having^ 

tant 1 v^ a K Uni ‘- Ve “ 0r in ,he of. r, then * is a donst- 

r.modulus. * - ecau5e 11 has constant -direction as well as constant 

If r be the modulus of r, then r=rR_ ~ J " 

~—i(rm~ dr vn dR. 

dr dt (rH >~di$+ r dT'. - ' 

k ‘ dR-Ln- •- _ ;--j 

.f’ iit- l * -dt —being a constant.vector-1 • • 

r a rxi^x^k)' —i—. •' 


dr 
dt 


(JRxS).=0 


dt RxR—O 

with r° W f X ^ r ^ =0 ira Pl^es that the vector, dr/dt is. collinear 

Sx. 20. *IfT^fr=0, dial r~-constant. 


[Kanpur. 1987; Rohilkhand 80] 
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VECTORS MADE EASY 

Sol. Let r be the modulus of the vector r. 

Then r=rr. _ , : 

c^Er.d £r$) —'dr x-\-rd r. 
r xrfr—(r r) X(//rr -J-rt/ r) 

—frdr) rXr-fr rXdr 

r^rXdr [V rXjr=0]- 
« => r 2 rX7/r=0 
. ; =x rxrf r=9 

Since r i s o f constant mod ulus, therefore 
r-efr 0. 

From (i) and (2), we gee dr=0. 

Hence r is a constant vector. 

Alternative- method. 

Let r=xi-Lj }+zk. then dr=dx i+dy j+dz k. 


-•( 1 ). 

-(2) 


r. r Xdr= 


l 

- X 

dx 


j 

y 

dy 


k 

z - 
dz 


or 


or 


=(ydz~~zdyj i+(zdx^dz) i+(xdy~ydx) 

" r 'X £ f r —® => (ydz — zdy) i-{-(zdx — xdz) \~k(xdy — ydx)k = b 
=> ydz~zdy~Q, zdx~^xdz=0, xdy—ydx=0 
_ . dx= dy dz" ' " . . 

x "'T y~z '. — 7 ‘ ' . _ 

ie dx, dy . 

11 ^7==-t^, then Jog x= log .y-Llog c x - 

:• ,-(l) 

rF dy dz . . . ^ 

w jT~Cp then ,og y+ l °S c *=log r . 

•7T-“- ' z ^ c 2 - y- -—- 7 —7 ...(2) 

Now r^xi^Ljj4- z k=(c 1 y) i+X j+fe, J>) k - . 

~y ( c i ifj+c 2 k).. ...... 

r J_ (cj i+l+Cg k) . 


r= 


I r l Vlfayy+y^+iciy?] 

C 1 i-H+Cj k > T . , . 

(c^-f-1 -j-c- 2 }’ WQ1C • ,s a constant vector because 

' it is independent of x', y, z. 


§s 

f§ 
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DIFFERENTI ATI OM AND INTEGRATION OF VECTORS 


_ S’ - 

Ex. 21. ; TjP r u a um7 vector , then prove that 

rk*|J-f- 

I dt \ \dt\ [Rajasthan 1974] 

Sol. Since r is a unit vector, therefore | r | is constant and so 
r is perpendicular to its derivative dr/dt. 

Now by the definition of the cross product, of two vectors, 
we haye - • • 


I r 4 '= ir 


dr 

~dt 


I- sin 90° 




•i. ifi. .it,, 

Jtr Uft-i 


Ex. .22,' If e /.v the unit-vector making: an angle ;6 with x-axfs, 
■show.that de/c/9 is a unit vector obtained by rotating: e through a 
rigfat' angle in the direction of 6 increasing. '• [Allahabad 1979] 

Sol.- Since e is the unit vector which makes an angle, 0 with 
Jt-axis, therefore - 

e =£qs ® i+sin 9 j- [Draw, figure yourself] 

® *+ c os 0 j*=cos 7r-f ej tt+ 0^ j; 

which is a unit vector which makes an angle J^+G with'x-axis. 

Thus defdd is a; unit vector perpendicular to .the vector e in 
the directio n of 8 increasing- . ' ' ' 

Hence de/ dd is a unit-vector obtained by rotating e through 
a r ^gfat_angle in the direction of 6 increasing. - ___■ 

Ex. 23. If r is a vector function of a scalar t and a is a cons¬ 
tant vector, m a constant , differentiate the following with respect 

(O . r-a, (//j- rXa, (iii) rx~. .(iv) r^' 


I 


(>) * Z +- V (V/) 777 


Sol, (i) Let R=-r-a." 

dR dr - da. 
Th - a dt =di ra+r 'dF 


(§- 


di‘ 

, .... rXa 


2 -fa 2 ' r-a. 

[Note r *a is 1 scalar] 


Jr f Ja 

=7 ,. 3+I; 0 [v f-o, 

Jr Jr 

=ar a+ 0 = 3 r a - 


as a is consta”ut j 


(ii) Let R=rXa. 

. r , JR Jr . Ja 

. T6 “*p-* x . ,+r *5\ 
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VECTORS MADE EASY 


Jr 

=—Xa+rxO 

at 




dr Jr 

= 7) x a + »=_ xa . 




(ijrt) Let R=rx^- 


u dR dr dr d 2 r 

Tllcn *=* x a+ rx ^ 

d*. 




=rx 


d*r 
dt 2 ‘ 


(iv). Let 


dr. 

dr 


. ., JR Jr dr : J 2 r 
TTTen — 

dt dt dt - dt 2 


Jr\ 2 


u 


+ r- 


J*r. 

J/ 2 ' 




(v) 

Let R=r 2 f ~ 
r 2 

@ 

* 


JR d ' J l 

© 



@- 




# 



~ dr 2 Jr 

" dt~7>Jr 

©■ ■ 


(Vi) 

L v = '” (a)*- 

■©- 


Then 

JR. )i / Jr\ 2 
Jt ~ m J/(j?) 


__. Jr J 2 r 
^ m dt'dt 2 


=2 m 

I 

(vti) Lef R= 


dr d 2 r 
dt'di *• 

r-J-a - 


f XT 'Jr 2 - Jrl 

| K " :c 3F 


i® 


r 2 -}-a 2 ‘ 
i J 


<*+*> " 

^ [Note that r 2 +a 2 is a scalar] 
j' . . • 1. (ck- d&\ f j d ■ '■ 1 ■" 

/ ~|(Tq^7/( r2f a2) /, (r+a > —' 
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differentiation and Integration of VECTORS 


o dx ~ 
i 2r« ~y~ 

dr dt 


(viii) Let R 


(r 2 -J a 2 ) dt / r + a )- 

2 0 dr d , I 

l- *~°- dt 1 = lr -W7, a! “ 0 J. 


r Xa 


r*a 


Then 5*- 1 d 


“si I d Id f iv) 

■dt. a)4r p-fc)f ( r *** 

[Note that r. a is a scalar quantity.] 

(dt Xa +^%)~l 7 ^ z ~ (r - a >} ( rxa ). 


dr 


*• / i /a-..- ah • . 

r-a -{(r-a ) 2 C f Xa) 


* * 

7.Xa "y- • a 
^ <* 


r*a 


(r-a) 2 ( X Xa ) 


Kx 24 „ , . - [ v t=°] 

- are 


(O ' r+ax^, (k) r 2 _r+(a.r) b, (///) r n r^ffy}(ar+rb) 2 , 


SoL (i) Let R=r3 r+ a x 


dr 

dt' 


““rf : W * 


00 Let R—r 2 r-f (a. r ) b. 


<r//i 


f. ; 

(»”) Let lt=.-r<» r. "* * 


Kf 


[S:H ; 
[■■• £-*) ’ 
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VECTORS MADS EASY 


8 


, r , <fR fd \ <h* ' / dr\ */r 

fhen U rT '’ *=r s) r+r ’ ar 

(iv) Let f?=(or-f-rb) 2 .' Then V 

^•-2-i[«+rb).| («+•/*), .. [ Not f-a r -' 2r 43 

n , I K\ (d a , dr dr dbX 


1 ii 


_ _ _. ( 7Ir - dr \ 

T da db ') 

* 


1 5 


=2 (ar+yb). (a -+j bj 

. {• ar«-/ar°] 



t j -• 


' Ex; 25., Ewrf 1 ; 4 -' - • 



3- 


<*> £[*(£*£)}: . 


Sol. (i) Let <£ = 


f </ 2 r~l 

|_ r ' Jr irj 


Then R is the scalar triple. . 


dx . ~ d 2 x- 

product of three vectors p> and —Therefore using the rule 

for finding the deriva tive of a scalar triple product* we-have 
^ I * dr Al r r jr </ 3 rl 

dt ~{df dr dr] + \ r ’ dt 2! - dt 2 j + L r ' dr dr j: 
f * d 8 0 . - . , . ' 

— L ~df dr j' sipce. scalar triple prooact^Lavirig two equal 

vectors vanish. 

(ii) Let R— J~r, Then as in part (i) 

— T dr fPrj ” . • 

W = U’ Hr .. 

Differentiating again, we get 

d 2 R [" dr dr d 3 rl p ; ePr <i 3 rj r dr-d* r] 

Ydt: dr-dry p\ + \?’df ar\ 


dr 




f" d 2 r <f 3 r] f dr d l r~\ -—--— 

T =[ r ’ dr- dr\+[\ 7 r dr]\ ,. 

T ■ (dr dH\ • 

(in; Let S^rx II- Then R is the vector triple pro- 

duct of three vectors. Therefore using the rule for finding the- 
dcrivative of a vector triply product, we have 

d'Sc dr (dr (d 2 r d z r\ [dr d 3 r\ 

V S A -'-'3 x (* x rff*j +rx (^ x A*jt TX (.A x ^) 
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DIFERENTJATIPH AND INTEGRATION OF VECTORS 

_^ M d 2 i\ (dr 'd 3 x\ 

~dt x l d[ x dr*j+ TX \di * dr*} 


- . d z r dh . . 

SJnce di* x dt*~ V’ vec * or product of two equal vectors. . 


Ex, 26. If 3== sin 6 i+«« 0 j+6k, b=cos 0 i-sin 8 j-3k. 


I 


andx— 2i+ 3j—3k, //W — {ax(bX c)} at 0= 




Sol. We have 
bxc =f I 


[Kanpur 1987; Rohilkhand 79] 


cos 0 —sin 0 


.. k 

-3 

-3 


.*. ax(bxc)= 


r (3 sin 0-f9) i+(3 cos 0-6)j 
+(3 cos 0+2 sin .0) k. 


sin 8 


J 

cos 0 


k 

8 


3 sin-0+9 3 cos 0 — 6 3cos0+2sio0 
—(3 cos 3 .0+2 sin 8 cos 8^-38 cos 0+60) i+(30 sin 0+90 

.“3 sin 0 cos.8-2 sin* 8) j+(-6 sin 8-9 cos .6) k 
d 




^q- (ax(bxc)} 


I 

% 


V ■■■ . 


— (---6 cos 0 sin 8+2 co£0-2-sin 2 0—3-cos 8+30 sin 8+6) i 
+(3 sin 0+38 cos 8+9—3 cos 2 0+3 sin 2 8-4 sin-0 cos 0) j 

v . ‘ . +( —6 cos.0+9 sin 0) k* 

Putting.0 —jc/ 2, we get the required derivative? '• 

-f4+|K) i+ i5j+9k. : -+ - •• 

Ex. 27. Show that, if a, b, c dee constant vectors, then 

: r h.^+fi-f+c is the path of a particle moving with constant'acce¬ 
leration. ' "® 


+ 


« . T - 

Sol. The velocity of the particIe^^=-2/a+b. 


The acceleration of the particle2a. 


! 


Thus, the poipt whose path is r= a'jf 2 +b /+c is moving wkh- 
constant acceleration. ,W . 

- -Ex. 28. particle moves nlorig the curve x—4 cos:t,y=4 sin t, 

z~6t- Find ihe "velocity and acceleration at time t=0 and 
Find also the. magnitud^iof the velocity and acceleration at aity- 
- ' -- - ' [Keapsr l$80; Agra SI) ' 
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VECTORS MADE EASY 

Sol. Let r be the position vector-of the particle at time t. 
Thep r=xi-\-y j | z k=4 cos r1+4 sin l j -| Gt k. If v is the 
velocity of the particle at time t and a its acceleration at that 
. • dr 

time then 'v-= 4 sin r i-f-4 cos / j-p6k, 

at - 

dh A . ■ . ; I ■ 

a.=-^= —4 cos / 1 —4 sin r j. 

Magnitude of the velocity at time/ = | r | 

= V(16 sin 2 /+ 16 cos 2 /-p36)=y(52)=2V(13). 
Magnitude of the acceleration 

— | a |= y(16 cos 2 1+16 sin 2 /.)—4- 
At-t=0, v=4j+6k, i»=—4i 
At f—+c, S'=—4'i+6k,_ a==—-4 j. 

Ex.v29. A particle moves along the curve x=-e~ l , y= 2 cos3t, 
z=42 sin 3t. Determine the velocity and acceleration at., any time t 
and their magnitudes.at t=-0. -[Qprakhpur 1985] 

Sol. Let r be the position vector of the particle at time./. 

Then r= jc- i-J -y j-fz k~e~‘ t-p2 cos 3t j+2. sm 3 1 k. 

- ■ If v is the velocity of’the particle at time / and a its accele¬ 
ration at that :ime, then -:-- 

dr 

v='— —— e~ l i—6 sin 3/ j-j-6 cos 3f kp 

■at • — 

d z r • . 

I—18 cos 3 1 j—18 sin 3f k. 
at — 

Putting /=0 in the above relations,, the velocity at /—0 is 
~~j+.6k, 

and the.acceleration at /=0 is i—I8.j. ~r_ r 

Hence at T ==0; ~ ‘ — 

the magnitude of velocity—|—i+6k| 1) 2 -L6^]=v'37, - 

aridthe magnitude.of acceleration ' 

"- J =- [ i- Mi |^V[1 2 -| (-.- 18 ) s ]-V(325). ■ - - 

•' Ex-,-30. A- particle' moves along the curve ;c=f 3 +l, y—t V 
. z—2/ p 5, where t is the time. Find the components of its velocity 
and acceleration at t - 1 in the direction i-pj-p3J^ 

. - - [Agra 1979* Rohilkbsnd 81] 

■ .Sol. Ifr is-the position vector of any point (x, T* z ) °h .Ike 
givencurye, then • • v ./• . .. 

1)'M 2 j+(2/-j 5)k. 

• rVelocity-v-Jr^3t 2 i+2/j-p2k^3i-p2j+2R at^l. . _ 

’ di 


<? 
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DIFFERENTIATION AND. INTEGRATION OF VECTORS 


Acceleration^!^ (£)-6/i + 2j=6i+2j at 

Now the unit vector in the given direction i-fj-J-3k 

* ‘ J fjf 3k 


i j j+3k 


= b, say; 


/ I «‘+j+3k| V(l-i) 
the component of velocity in the given direction 

-v.n K 3i +2j^2k). ('i T fj ±3 k) II 

VCii) “ ^V(U) 


r V(U); 


f? 


and the component of acceleration in the given direction 
_ a . b _ (bi+2j) •( i+j-f3k) 8 

V(OT ~ r ~ y / (ii) 

_ - Ex - 31 " ^ Particle,moves sa that its■ position vector is given by 

r-cos o it I -t-sin o>t j where, o «• c constant; show that (/)’ the velocity 
of the particle is perpendicular to r. (ii) the acceleration, is directed 
towards, the. origin and. has magnitude proportional to the distance 

from the' origin, (iii) rx/.w a constant vector _ ; ; 

Sol! (i) Velocity v=- = sin 6)/ i+6J cos 

iYe have r*^-=(cos w? i+sin ot j)r(—&> sin a>t i-f«o cos j) 

- t- —‘ •. “ ^cos o( sin g>/+g> sin cd/ cos < 3 >/=0r 

Therefore the velocity is perpendicular to r. 

(ii) Acceleration of the particle 

' . d 2 i / • • •' - 

~ a —^2— —<3 - 3 COS Mt i-^ci> 2 ,sm <at j 

o 2 (cos bjt-iTsin-ojt j).= —o 2 r. • 

... *’* Accelexation-isa vector Opposite to the:-direction off t.e.' 

acceleration is directed towatdsir the ; origin. Also.: magnitude of 
acceleration.== ( a J=|-« 2 r |=oVwhjch is proportional-to r r.n., the. ' 

distance of the particle from the-ori^n. • " 

I'"} r x ^=( cos ^ i+sin j) X (-« sin i-^*> cos w/ j) 

- cos 2 Cd^ i Xi--&3 sia £ (at j x i [ V i X t==0,;j x j=QJ . 

• =r;6> ods 2 .o/ k-f-& singer k . [v 'ixjMfc—-jxi]-. 
— « (cos 2 wt-f-sin 2 ut) k=<ak, a constant vector.- * 

: Ex - 32 * itepniU tangent vector to any point on the ciihe 

x=a cos t, y=a sip t, z=bt. 


£ 

I 


-"V- V. ‘ 


i 

n 

•'i 
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• • ' - VECTORS MADE EASY 

Sol. If r is the position vector of any point (x, y. z) on the 
given curve, then - 

r=xi-fryj+r'-_~a cps t i+asintj+bt k. - 

The vector -- is also the tangent at the point (y, y , z) to the 
given curve. 

We have —a sin t l+a cos./ j-j-h k. ‘ 


dr 


. ^ |=A/(a 2 sin 5: /+fl 2 cos 2 t-\-b z )~ % /(a 2 +b 2 ). 

Hence the unit tangent vector.! . 

drfdt —a sin / i+d cos / j-f-fck : 

. • - ~\:dr)dt[ r ~ V( aZ +**) ' ' 

~ | b 2 ) s * n * 005 t j-j-hk). . 

§ 32. Integration of Vector Functions. 

We_shall define integration as the reverse process o£_dij}erentia- 
tion. Let f (/) and F (i) be two vector functions of the scalar t such 

that| F (t.) = f( 0 ; • 

Then F(f) is called the indefinite integral of f.(/) with respect 
to. / and. symbolically -we write / f (/) dt =F (/).. _ f\^ 

The function f (/) ip be integrated is called the integrand. 

If c_is any arbitrary constant vector Independent of t, then 

|{ P(, )+^}“ f( 'j- ; . - , 

This is equivalent to,J f.(/) ffr—F (/)-f-c. , 

From ^2). ft is obvious that the integral F(/)of f(/)is indefinite 
to.the extent of an rfdditivearbitrary ., constant c. Therefore £©. 
is called the indefinite integralThe constant'vector; c-^: 
.called t he constant of ■ integration. It can "be determined-if we are- 
given some initial conditions. 

■ (0 ^ or * i Q the interval [a, b\, then the definite 

integral between.the limits- and t.~b can-in such case be written 


= (t)tcJW(6)-F(«)V. 
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DIFFERENTIATION. AND INTEGRATION OF VECTORS 

Theorem. If f {t)=f (/) i+/ 2 (,) j +/j y) k , /Aen 

J f (0 *= i i /, (0 •*+j jt 2 (o d ,+k j/ 3 p) jl 

Proof. Let ^ F (r)-f (/). 

-Then J f (/) dt==.F (r). . 

Let ' F (0=^ (0 (/) i+ /- 3 (/.) k. 

Then from (]), we have ' 

d ■ , . ' 

^ {Pi (X) •+P 2 (0 j-f P ? (0 k}=f (r) 


...( 2 ) 


or 


{acw} u j 




k 


:-3 

>8 


=A (0 »+/*.(') j+/ 3 (/) k. 

Equating the coefficients of i, j> k, we get 

j (o4'(0. j f,; (o^ii (0. J •>, (/)=/,,(<)■ 
Pi(0=//i (0 dt, e 2 (0=j/ 2 (/)-A.-FJ (0=/./ 3 (O'*. . 

* * F ^ = {j 1 (0 d \ j+if /, (0 *1 k.: 

So-from (2), we get ' • ' V •. 

f I(0 dt^i fft ( f ) dt+\ j / 2 (r) dt |;k jyv (/) dt, 

.. , From this the <>rem we conclude that the definition of 

he integral of a vector function/implies the definition of integrals 
of three scalar function .which are the components . of that vector 
. “.“ c h Q “* - Thns in-order to integrate a vector faBO^ioh we should 
integrate its components. - 

§ 13--.Some Standard Results. - 

- L..~. have already obtained sonm; standard results for diflCeren- 
y nation. With the Help of these results we can obtain iome standard 
SirestifefoT migration. ' ' " • • -" 


i. We have j ( (F-s)=^.s,+r^ 


dgr-i 


Therefore ^r-s-fr,. A 

.where r is the co ns t ant of int egration. It should be noted that e is 

• here a scalar quantity since, the integrand-is also scalar. 




d 


fir 


We have A fr 2 )^2r-‘-jP 
dt dt 


- Therefore j ^2r.^j *= 1*4-0. 

Here the constant .of mfegratioa c is a scalar Quantity. . 


If 

I 


a 
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VECTORS MADB EASY 


# 


d/'</t 2 ' 


3. We have ~ ] 2 —2 ■ 

dt\dt) Z , 

Therefore we have 

.; mm h$.v 

Here the constant of integration c « a scalar quantity. 
Also f^Y * dt, ‘ 

"* Wei,a ^^( rx s)=|#rrx^«^;. 

••• J( r ^d*i+/ ' 


Here the ooostan. of m^rhti„„ c is a vedtor quantity Ace 

he integrand r x~ is also a vector quantify. 


.5. If a is a cons tan/vector, we have 

^-r)=|x r+aX |= a 4 


•© 

# 


m 


~w 




Therefore ](*><~):dt=axr+c. 

Here the constant of integration els a vector quantity.. 

_ - -f: If r =l r | and ns a unit vector in ihe-direction of rjjien 

~ (r)—~ (~L r )_.i 1 dr 

' dt. : dt\ r j r dt y-2 W/ r * 

a/ - Therefore (7l A r. - 

; 7 J— f+p :. . , . 

?• WV it a cousinn, sft,tar a„d, a vectOrTunction of a scalar 
t, then obviously J cr *~/ jf, r dt. 

■ »• Iff ahd s are two Vector functions of the i„| a r r, the*. J 

I f^ously J (!+*)*=j r'd+j s dt _ ' 

. Solved Examples 1 

9 J * W di ahd (") j' f (0 dt. 

' .9 ' ^ ^ ^ * +.?/* i—3k} A - 




1 

£ 

I 

I 

?• 
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DIFFERBNTrXTION AND INTEGRATION OF YBCTGRS 

(‘-‘ 2 ).<tf+j j2( 3 di+k j ^-3 dr ' 

’ =i ,(^ 0 + j ( 2 ? ) + k C-^H.c/ 

• ■ ‘ where c is an arbitrary, constant vector 

ft 2 t z \ - t* • ' ■■-. v ■ 

^\2 ~3 J I+ ? j ~ 3 ^+ c : . 

(n) f (/) <*=j^ {(! — ■/*) i j-2t* j~3k} dt v 
= i *£(?-/*; rf?db* j' 2/ 3 <*_k j 3* • 

-'B-a-'i-ir : «i ti-.i 

Ex.. 2. Evaluate j (e* i+e~ 2 Cj4./k).rf/. - : 

; $<>]<== j ,*^e-2V j + /k) dt'. 

J D -- - 

e ~ 2 ' A-f k j t dt . 

_ ^M +i :: - 

. ■ 7 =Ce-i) ~ ^ 

Ex. 3; //T (/)=/ i+.(t 2 ~2t) j-f (3/ 2 :{-3/ s ) j£,//W " • 

, Pf(o^: • - ;• U- 'V 

-: : Jo • ; /: [Agra 1977] 

SoL hw d/ T ]l F i +( f2 -20.j+(3^+3r*> k]*ft ■ ' 

' - - ■ S = T } 0 . / ^’+j | ( /2 7~2{) A+k p (3i*+3/ 3 ) dc 

-~1 *+(i—J) IH-( 1 fc=T *—f 

Ex. 4. J/T—ti—.t 7 - k cuids=~2t* i^6t k, evaluate . 


; : v.. 


: ;J? £ y' sdt \ ( f/ ) £ rX *tf 


,•«. • - . - [Meerut 1992] 

> CO - V/ehave r. S ~f/ k].(2/M-f 6^lc) ? 

* - =2/ 3 -f-6/ (t-l)=2(*+6t*~6i - ■.'■■•'■ 


I 

£ i 

t" 


f • 

}? 

i 




' 
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VECTORS MADE EASY 


dt - 


P r-s <//= ( 2 (2/ 3 i 6t 2 —6t) 

JO J« - • - 

=^-t2/ 3 -^ 3 / 2 j 2 =8 + 16- 12 = 12 . 

(ii) .TVe have r x.s= 


i 

t 

2/2 


i k 
-E - f-1 
0 6 / 


—— 6f s i—(6/ a -2/ 2 (r— I)] j+2/' 4 '-k 

=*—6/ 3 i-.(8r 2 -2r 3 > : 3+.2/ik: 

I i.xsdi—- | 6t* i— (Zt 2 —2t*) jH-2 f4 
J <T j 0 

. =i 1*4:6/* j J 2 (8/*— 2/*).ift-^)E p 2t\dt 
’■ •*•■• • i 1 T 1 


C'C 

5 C- 


i; .. 40 . , 64. , 


dt, .where 


m 


Ex. S.._ Evaluate (a-bx c) 

a==t i- -3j | 2/ k, b-i -2 j+2k, c=3 i+/ j-k. , 

[Garhwal 1977] 

Sol;. We have a-b X e={ab c] - 



v . - '• 

t. 

■ -37 

•2/ 






i _ 

—2 . 

;2 

- 



* 




l * 


x- 

- 

- 

© - r - , •' ■' 

:--3 


— f: " 

- 

- ' 

"V ■ ^ 


' # . ■--- 

r 

• — 3 : '(d2J 

0. 

. hy C a '+2Ci . 


■< 

' 





and C a —2C, 


5 

® x ■ ■ 

2 1. 

G 

0 

- 3 JL 



# ', " ! , ■ 

3 ' 

M 6 


7 


.. . . ; 


m ■ , a 4X=t”. 

tH- 

-7 (2/—3)— 

0>, 


. . % 



=7 (2/—3)J : 


' expanding the dctermiaant along J? 2 


& 
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DIFFERENTIATION AND INTEGRATION OF VECTORS 

“ 2 


-}• (?-bXc)'rf/= [ 2 7(2/-3) rf/=7 f (2 t-2)dt 
1 1 Jt 

. ; , [/ 2 - -3tJ* {(4~6>(1 --3)]-=7.(—2 |-2) =0. - . 

Ex. 6. Evaluate. £ wkerer=2t 2 ,*+/ 

• . [Saapar 2$75] 

Sol. Given r^2( 2 i-f-/ j—3/ s k ~ 

, '+i-9f 2 Jc and^^4 i+0 j-18 t k. 

' ,d 2 r‘ - 

; . rx ^ 2 -X 2/2 0-3/* &)x(4 >>0 1 - 18 /k) 


I 

2/. 2 


J 

G 


k 

— 3/ 3 - 


.4 ; o ; -18/ . 

= — 18/ 2 I-(—36 / 8 +12/») j—4/ k 
•——>8/ 2 i-f-24 t 3 j— '4t k. ' 
r 2 f / 2 r’ 

(—18/ 

~ r z~ 


dt 


dt 


f 2 ~d 2 r—r —' •—-—^ ■ 

\ 1 r x W dr ^ j 1 18 /2 i + 24 /S j.^4/ k) 

' ■ =~ 1 ? »• p dt+24.i j" £ dt^4 k j" /• 

■ ■ 

=---6 (8-I) i>6(I6^1) j_2(4-l) k 
' =-42 i+90 j—6 k. . ;• 

.Ex. 1; Find, the -value, of r'satisfying the equation '^=.af 

- r ’ at 2 

>v ere a is a constant vector* Also it is given that when t—X) r=0 . 

••/j'/ * „ •-—_:_ •. ■ ' - . 

dt 


Sol. Integrating the equation we get 


[Agra 1981] 


r/r 


dt where b is an arbitrary; constant vector. 

But it Is given that when / =0, ^= n . 

' ... - • - . - .: V. <// ’ - . •' 


g 

te; 

I 
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. VECTORS MADE HASY 

n==6a-fb or b -a. 

• dr ■ ■ 

••• .a:' a+ “-' ■ 

V. Integrating again with respect tdwe get 

- r =^/? a+Va+c, where c is constant. v : 

But wlien/=0/r==0. ' 

f / 0==6+0^-c or c==rO, 
arf-fu. 

'• *.'■ ‘ ' dh ' ■' . ■ - * 

; Solve the equation a where a is a constant vector: 

given that r?=0 and ~.~0 when /=0. ; 

‘ . ■ - • ; *. - at- _ - * 

; - Sol- Proceed as in Ex/ 7. Ans. : 

■ r ?'■ " .•* * * * df^ 

- Find the value of r satisfying the equation -W== /a-f b, 

■' ’ - v at. ^ 

where a qndh are constant vectors. . [Agfa 1979- Rdfiilkband 83] 

■ . . ^ 2 |- * - ' . 

- - S ol. ; Integrating the equation — = ta+b, we get 


dr. 

—V a-f tb'rj-c, where c is constant. ; 


fintegrating,:we get: ' ; 

’.- ri= A- Sa rhi* 2 h-f-t c-f-d, where d ig constants 


* d 2 ^ 

Ex; 10. integrate 

'* - y ., at ~ 

Sol. ; -We -have * ^=^4i*r-. 

. * - - • dt 2 ‘ - * ; ' ■ 


# 

W- 


~w 


m 




& 


...... . : - -;W 

Forming the .Scalar .product of each side of (1) with* the* vector 

o ^ ■*' dr ~dfr * ■ ~ dr ■ ■ * 

• •• - 


.- -NoW Integrating we get . - 

^■r 


rfr;. 2 "- ' ! ■ .; - - 

I =-:«¥+c,-w here c iscohstaht. 


\4N 

. • ' - h . s , ~ ; 

Ex. 11. If r - dr~Q t show that jrj ^ constant. 

[Agra 1975; Rohilkfsaad 79] 
SoH _Wc have r-v/r--0 ^> : 2r-dr—Q ^.V{r-r)=0 


£5 


V‘i 
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DIFFERENTIATION AND INTEGRATION OF VECTORS; 

" 4(r 2 )=0 ,=> * 2 =■constant => I r j 2 =-constant 

=*>- | r |?=eon3taaC. . K •• ' ^ 

^ , . I * 

f: Ex. 12. Tin# tRevalue ofxsatisfying the equation. 

' - ' dh \- 1 ' [ - ■*' ' ' ; •’ 

% ^=6/1-^24^14-4 Jm/k, . 

. given that r=2\+H and di]dt= '^-i~3'k: at: l=Q. ‘ 

. ' ' . d^x - 

Sot; Integrating. ttieeqaatlbfn!—^=6iiw24/i^4 sin tW. weget 


dr 


8/ s j—4 cos Ik-^B^^Iiere b: 5 is : an;arbitrary- constant; 
vector. •- • . ‘ • ; . * • 

Butit is given that when. 1=0', dr/dt = -r-\— 3k. *’ ** * 

— i—3k=—4k-{ r .b o^. b== : —i-f fe. . 

dr - ■ 

-^=3t 2 i— 8( 3 j.—4 cos. /k—i-f-lc 

=(3t 2 — l) l-8l s j+(I-4 cos O k- 

Integrating again w.r.t. t, we get . _ 

r=(t 3 — -i) i ^2t 4 j+(/—4 sin.t) k4-c,> 

where c is an arbitrary conStaiirvector. ' —- —*•— '--_ 

But it is giVen that when/=0, r==2i4-j. 

‘ 2i-fj=0-t-c=c.- * . \ - 

r =(^ 3 —0 *~2 f4 i+( < r^4 sin/) k-B2i-frj;. v . 

->°r /=r(/ 3 -t+2) i-h(i-2(*) j+(/^4*kih.t)k . 

is the EequirPd soIutioa of the given .differentlaI;eiguation\ . 

Ex. 13. Show that dt^rx^f-c,where ' c; ; is an - 

A arbitrary constant vector-. - >■ 


Sol. 1 We have 


d 7 dr-\ . . 

*(- X Jt) = r> 


v - ddxh. .dr dc. 

X X -dr 


dhc dx dx ' 

;=r X s „k, y ■ 0. 


vector:. 


Integrating both sides with respect to /; we get. . 

J(ij X^N-.c,. where c is an arbitrary, constant; 


Sv 
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VECTORS. MADE BASY' 


d z r 

Sx. 14.. Integrate a '<—==b,; where a. and i> are-constant 


vectors. 


Sisl._ We have ^^ax^j*'=ax’ 

- r , ,. -. • - d z x • 


dh 

dt z 


Therefore integrating a X — = b, we get 


dr 


' a •* ~e"~ *h + C ’ where T is constant. 

Again integrating,, we get 

aXr =§t 2 bffc-fd, where d is constant. 
- Ex. 15. If r (/) = 5i 2 i-f-/ j—/* ft, prove that 


£( r ^)^- 14 ^ 7 5i-1.5 k , :• 

[Meerut 1991,-KanpQr 87; Agra 82, 86; Rohilkhand 85] 
Sol.' We have j( irX ‘p) %rx|+c. 


Let us now find. rx—. We have.^=10ri+j—3t%. 
-V T * ^ = (5t 2 i+/ j- /=k) X (10/ i+j'-3f 2 k) 


> j 


- • i 1 

j k 1 

* § 

# ■ 

=j 5 / 2 

t-k 

\ 

•1: 

M 

1 r. 

m -'j' 

“ ", | 1.0/ 

- ■ " n* 

1 , —3/ 2 ,.|. 


I'( rX f) ^=[“2t 3 i+5/* j^-5/ 2 kjj ". 

=[- 2/8 J i i +[® f ] i -*~[^ 2 i| 2 —.I4i+75j- 15 k. 

Ex. 16. Given' that ‘ 

" r(/)=2i— j+2k, when t=Z “ 


show that I 


—4i—2j-j-3k, when /—3, 

£(-!)“• • : 

[Kanpur 1986; Rohilkhand 84;'Agra "83, 87J 

.•>•;.' ; ^ol. ..AVe-iave j^r-^~j dt=\x-~Yc. 
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DIFFERENTIATION andtntegration of vector's ■ 

■ {#•]*. 

When t—3, r=‘4i~2j-h3k ^ 

When /-2, r’,~4 H ' / . '' . - 

J.( r -;s) ' , ' H39-9) ,10. . 

any ,ime * 0 */ 

dv 


■ .a 


dt l ^ cos2t f—8 sin 2ty+\6t k. 


or 


T ? the velocity y and'displacement T*r 0 

any time. P “cement rarezero q(-t^0,fi nd v and r 

Sol. YVe havp J 

. dt: 12cos 2 ri ~-8sin2tj4-i6t k. 
integrating, we get •• 

>•-*} J? “«-'"*iij:.ss i „ 3 , rf , +k r l( „ Vi 

or r=_iS s ln 2 / i-j -4 cos 2 / j+ 8 t 2 &-f c. 

When /= 0 , vs^O. -— ■ —- — _ _ 

0=0i+4j+0fc + c. . 

' c -=—4j.- • 

V ~dF~ 6 Sin 2/ i+.C4 POS 21—4) j+8t 2 k. 
integrating, we get • _ - 

r ~ I /^ ;S,n 2/ de +i f ;( 4 cos 2 /. 4 ) dt+k f <*' 

= 3 cos 2/ i-f-(2'sin 2t—4i) > 4-^/3 * £ -_f_» . 

When. r=0, r-0; ' ^ ' t+d ' wh eretf ts constant. 

"■ - 0 “ ~ 3 i-t-Oj-h Ok-i-d: . - d „ 3| * 

" r 2 - 3 «' s 2 ‘i+Pste 2 ,l 4 ,y j+ p^ 3i , 

(» -3 ;>/, i, (, 4() . ■ 

. . [Meerut 1991S;' Kanpur 88] 
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VECTORS MAD2 BASS' 


Sol. Given —e*. i+£ Jc i+k, where v is the veioeitjr ■ 

vector of the particle at any tune l ." Integrating; with respect to: r,- 
we get , \ : 

x=e‘ j+ie^ f-ffk+c; " 

where : c rs art arbitrary constant-vector.^ »; j 

. .. But at.f'=Gf, it is given: th^t T==f-j- jl. 

- -*• *■■ I-J=i-f Jj+c or c==£j 

.v— e* i+te a j+rk+|j • 

=*' » H (e zi -pi) j f : 



is 




WC 3 

38= 




>• ' 
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VECTOR? MADE EASY: 


§5. Level Surfaces. .. - ... 

Let f(x, y, z) be a scalar field over a region R- The points 
satisfying an equation of the type • **. 

' f(x, y,~z)==c, (arbitrary constant) ~ * 

constitute a family of surfaces in three dimensional space-- The 
surfaces of this family are called level surfaces. Any surface of. 
this family is such that the. value of the function/at any point .of 
it is the same. Therefore these surfaces are also called iso f-sur¬ 
faces.- ~ . 

Theorein 1 Lei f (x, y, z) J?e a scalar field over a.region if--;. 
Then -through any pdint' ofR there passes one and only. one. level' ■ 
surface. ' . . ’’ ". • 

Proof. Let (.x 1? y v zj be any point of .'the region R- Then, the 
level surface f (x, y, z)—f (x%, passes’ through this^point. . 

Now suppose the level .surfaces f(x, y, z) c^ and f(x, y,\ zj—c z . 
pass through the point (x lt y v z^)- Then __ 

/(xi, -^x)= c i.and. //Xi, v t , zj=c,-. 

Since f(x,y, z) has a unique value at (x lt y v zj therefore we- 


.have 


q=c 2 . 


Hence only one level surface passes through the point _ 

(x 2 , y 1 ,-Zif — • - •— ■ — —- 


Theorem; 2. V/ is a vector norma} (o the surface f .(x, f. 
wffere c is a,constant. [A;gr.aT968; ®era!a 7§]._ 

Proof- Let r^H+jj-FHr be the "position vectoncf any point 
P ( x, y'z). on the level surface / (x, y, z)'~c. Let 

» Q (x4-Sr,.j/+S>’, zfSz) 




be a neighbouring point on this surface. Then, the position vector - 
of Q— r-|-8r—(x+Sx) . ■ • •••■v..„•. 


PQ~(r-T-$''r)i —r—Sr = 8x i -(- t>_v j-PSa fe- 


As Q-i~P, the. line PQ tends to tangent at P to the level snr-r _ 
face. Therefore dr^dxi+dyifdzk lies in the tangent plane to the 
surface; at P- ' ’ ’ - . 

From the differentia!-calculus, we have - . 


>-1 *+ 1 ^+ 1 * 


fi 

i 

i-. : . 




Wk 


jV:V : 
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GRADIENT. DIVERGENCE AND CURL 

/-<)/,. of x \ df\ 

I 1 dy^ k dz/‘^ dxi ^ d ^V^zk)==yfdr. 

’ Since/(ir, >, 2 )=constant; therefore df=0. 

■ V . Vjr * f r=0 ? ° tilat v / is a vector perpendicular to *% n d 
therefore to the tangent plane at J> to the surface ■ 

■ f{x>v, z)=c. . - v 

Hence y/Is a veetdr norma] to the surface f(x, y, z )= c . 

' ^ hus if f< < x ’ y- * - a * scalar field defined over a region * 
then v/at any point (x.y.z) js a vectorin the direction- or nor'. 

Sat point' P ° mt t0,heleteI SUrfaCe z Ir= tt Passing through 

’ § 6 ‘ directional Derivative of a scalar point Sanction. 

[Agra 1972; Kolhapur 73; Bomhay 70j 

Oefinition. iW /t*,./! T) define a scalar-field in 1 region X 
ana let P be any point in Ms region. Suppose Q is a point in Ms 
region m the neighbourhood ofi P in -tlx direction of a given unit 


vector a. 


Then lim /(g) ~/(g) . • 

Q-rP PQ _ ’ l * lt exists, is called the directional 

derivative off at P in the diretmonof a. - 

Interpretation of directional derivative T pt P ./ 

(*.?.*) .and fctg be Ute point (x+7r V +L - p-L/l p0,nt 
RO=sX* Tho „ ./ - V*-t-<wr, jr-f-dj, 4-rf-aa). Suppose- 

d ■ Then .*£__K a amall element at P in the direction of 

!_ ifi-+^+»o-/ ( ^ :! . / . J g 2) _^ < thea 

^ represerdsthpayerage rate of change of / per miil distance 

- | the direction of a, hfow the directional- derivative, of /at / in 

the direction pf a is lim A Q)—f( P) dim &/ df • - " , 

i : /- . . Qr* p - PQ ~&A-0 •Sj = ***' It re Presents".. 

fte rate of change of/with respect to distance at poin t i> i„ the 

direction of unit vector a. 

Theorem 1.. The directional derivative ofa scalar field, f at a 
point P ix.y. z) in the direction of a unit vector l is given by ' ' 

• C=y fl f > ■' - . 

ds ^- - [Allahabad 19H; Poona 70] 
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VECTORS MADE EASY 


Proof- Let fix, y,z) define a scalar field' in the region R. 
j^et r==.ri-j->j-}-zk denote the. position vector of any point 
P(x, 3 % z) in this region. If j denotes the distance of P from ^sorae 


fixed point ^ in(the direction of a, then Sj denotes small element 


dr . 


at P in the. direction of a. Therefore -r is a unit vector at P in this 

as 


dr 


direction i.e. j~=r a - 


But r--.xi-p} : j-p?L. 


dr dx.. dy dz - 
ds^.ds I_r ds J+ ds^~ a - 


/.cf -.9 f , \ 3A (dx.. dy . dz- V 
Now v/-a= (..^XJ 5+k sd’fcHz- i+.lP ) 


0/ dx 3/ dy dfdz 


dx ds ~^ dy ds ~^ d-z ds - 


df. 


~ ^directional derivative of /"at P in the direction of a. 

ds - 


Alternative Proof. Let Q be a point in the neighbourhood 

of P in the direction of the given unit .vector a. [f l, m, n are 
the direction cosines of the line PQ, then /i-J-mj-p/rk—the unit 

vector in the direction of PQ—a. Further if PQ--ds, then the. 


co-.ofdmafes of Q are (x-f/<L\ z+jjSs). Now the directional 

derivative of/at P in the direction- of a is . 

Iin) 


Q-p-P PQ 


- lirn - y (x -f/Sv, z+nds)—f (x, y, z) 

<Lv-j- 0 ' , Stf 


im f{X ’ y ’ Z) * ^ n ^ s? £) + - -/(-VvJT-) 


lim 


Sj. 


on expanding by Taylor's theorem 


0X 


df 

dy 


=r£+m±+n £ 


df. 

d-z 


- ■(Ih| i+ I l 5' ; ) v(,i+ '" j+ ' ,k)=v/ ' ; v .- 

Theorem 2- If n be a unit vector normal to the - level surface 


_ _ ,.t_ 
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GRADIENT, DIVERGENCE AND CURL ' ‘ ■ ... 

f ( x > y> z)—c at a point P (x, y, z) and n be the distance of P from 
some fixed point A ip the direction ofn so that 5n- represents element 
of normal at P in the direction ofn, then : * 


"gradf=¥ n. 

; cin 

Proof. We have grad f=.- v f=JL i+.K ]+ ¥&. 

3at 3 y . . 9t 


[Agra 1971] 


Also grad /is a vector notinal to the surface f(x, y,z)^c. Since 
u is a unit vector normal to the'surfacc/(v, \y, z)W. therefore let 

A " ' 

grad fiy- A n, where A is sonie scalar to be determined . 
df ■ 

• NoW ^^ direCCioAa * den va Uve of/ in the direction of n 

' - V/*n “ ' 

- =An-n [v V/^grad/=/n] 

• ~~ A f^ ’ . 

grad/=v/=~ -n- 

- -- an *. 

- J-* ote ' If the vector n is in the direction of/increasing, then. — 

.. ' 1 * • - - — € - 

is positive. Therefore v/ is ‘a vector normal to the surface 

y* z)—c in the direction of /increasing.- 

Theorem 3.. Graf f is . r .o rec/or in the direction of which the 

maximum \qBie of the directional derivative of f i.e. — occurs. 

' ' " ' . _ ,,ds 

... •• ’ - ^ • [Agra 1971} 

Proof. The directional derivative of/in the direction of^a^s 
-ts-gtven by ^=ry/ a . - • - < ' 


rn 




dn 

df 


. v/ = l s 3 


c< - >s ii. where 0 is the angle between, a and n. 


I 


https: //t. me/upsc_pdf 


https://upsepdf. com 


https: //t.me/upsc_p 




























Join Telegram for More Update : - https://t,me/upsc_pdf 




1 


e 

£ 


O 
O' 

’“d 

Oh 

o 

& 


5 


. t 


# 

f 

$ 


w 


m 


m 

# 






© 

© 

© 




- . <•- VECTORS MADE EASY 

(If (If 

. Now -4- is fixed. Therefore cos 0 is maximum when 
an ctn _ • • 

cos0 is maximum i.e., when cos 0=1.- But cos 0 will he 1 when 

A. A A . 

. the angle between a and n is 0 i.e: when a Us along the unit normal' 
./ vector n;. •' . ~ ■ • 

Therefore the .directional derivative is .maximum along the 
.' normal to the surface. Its .-maximum value is .- ■ 

. ' vf-l. : • ■ - 

§ 7. Tangent plane and Normal to. a level surface.. * - 

To find the equations of the tangent plane and normal" to the 
■surface f (x, y, z)=c.. 

Let f (x, y, zj=c be the equation of a level surface! Let 
r=xi+pj+zk be the position vector of any point P(x r y, z) on this 
surface—. . 

Then v/= g-^=i+ j + ^k is a vector along the normal to 
.the surface at P i~e. yf is perpendicular to the tangent plane at P. 

. Tangent plane at P. Let i ; |-T j l Z k be the position 

vector of any current point QfX. Y r Z) on The tangent plane atT 
-to tire surface. The vecto'r 

fQ^R-r=(X-x)iT(Y~y) jf(Z-z)k 
l lies in'the tangeh£ plane at P. Therefore it is perpendicular to. the 
' Rector v/~. : “. . • ■ 

V . . f ( R — r )*^/=0 ' ■ ; 

<* ' [(*->) i+ip-y) mz-i) kj.(gi-l f-j+ d d k 


-(1) 


© Ts the equation of the tangent plane at P. 


... Normal at P. Let R=Z i-f- Y j pZk be the position veotor 
of any current point. Q (X, Y, Z) on the normal at P to the 

•surface. The vector7 > g--R—r=(Z^xr) i-(-(y—y)j+(Z—z>k ljes. 
jtlong the normal at P to the -surface. Therefore it is parallel to 
-the vector v/ - 


/£ 


I 


% 
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GRADIBNT, DIVERGENCE AND CURL - 

■; .. • ;**• (R-r)Xv/==0 ;..(2) 

is the vector equation of the normal at P to the given surface. 

Cartesian form.; The’vectors 

* : ✓ , 

(T—x) iT(r—_y) j-f (Z—z)-k arid Vf=¥~ i+ ~ j-f •£k 

_ dx - ay oz 

will be parallel jf ~ . 

a- v>i;,> 

where p is some scalar. . .. * ■ 

Equating the coefficients of i, j, k, we get: 

: X -^P Tx- Y ^K%- Z-z^t % . 


Of 


Xj-x - Y-v Z-z 

ff 

dx 


f . 

w' 1 


# 




• r v.. 


df ' df : 
dy 'dz 

are the equations of the normal at P. ~ 

' Solved Examples 

Ex. 1. Find a unit-normal vector to 

. ' x z y+2xz=4 at thepoint (2, -2,3). 

~ ^SdT The equation of the level surface, is ' 

/ (x, y, z)^Ex*y+2xz— 4. 

Theyector grad_f is along thenormal to the surface at.'the 
. point (x,y,-z). . ' f’Z • - 

We Iiave grad/= V (x 2 y+fcz)~(ixyf2z) i+je* j+2x k. ' ; 

■ .*: at the point (2, -2,- 3),. grad f= -2i+4j-f 4k. 

. . * * • —2i-f-4jT4k is a vector along the normal to the given ' * 
surface at the point-(2, —2, 3). ! *-\ 

Hence a unit normal Vectoj. to.the surface at this point 

~~ _ -2iT4j+4k - ' ■ - \\ : 

.1■ 2i+4j-f4kj y'(4-4 r ]6-f'16) — 

. .1 he vector — (—|i -h?jTfk) i.e., Ji—|fc is. also a unit: 

normal vector to the given surface? at the point (2 ,f 3). 

f;: -Ex. 2. Find the unit normal io the surface. z=x 2 -fy 2 at the 
point (— l, -2, 5). - [Kanpur 19$<5] 

Sol.- The equation of the given surface is 
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vectors Made easy 


The vector grad /is along the normal to the surface at the 

(+ y> z> . . ■/' x ; ■... ■ . , ; 

^ We have grad /== i + %- j+ f^-k—2x i+2 y j—k. 

- ox * oy oz 

voc 5 - . ■ ^ . 

at the point (—1, -2, 5), grad/-- —2i—4 j—k. 

— (2;i+4 j+k) is a vector along the nqrmai to the given 
surface at the point (— 1, —2/5)1 

% Hence the required unit normal vector to the surface at this 
^ point .. 

grad/ -(2 i+4 : j+k) --(2 i+4 j+k)- 






grad/1-7" | - (2 i+4 j+k) | ~V(2 2 +4 2 +1 2 ) 
. -(2i+4j+k) 

• ' V ( 21 ) ' * 

2 id-4 j+k . 


The vector 


is also a unit normpj vector-to the 


V(20 

^ given |urface at the ptrint ( - 1, —2,5). _ 

© Ex. 3. Find the unit normal to the surface. 

# x 4 —3xyz+.z?+1 =0 ; 

. sptff the point (1,1, 1). [Gorakhpur. 1988; Allahabad 79] 


(M 


Sol. The given surface is ‘ . 

/ (x, y, z) =x 4 —3xjz+z 2 +10. 


...( 1 ) 


- -We have grad _/+|£ i+--|^ 
~~ A ^ •3>’' 




■# 

' 


•3x ' *' J 1 3z 
- (4-v 3 — 3 yz) i+ (— 3xz) j+ (—3x/+ 2z) k- 
Now a vector normal to the surface (1) at the- point (1, 1, 1) 
— grad/at the point (1^ 1, l)f=.(4—3) i+(—3) j+(—3+2) k 
' ~ ^i-3j-k. ' 

grad / 


the required unit normal vector— 
i—3j—1c i+3j—k 


grad /1 / * 
i—3j—k 


I i-3j -k 1 “V[l 2 +(-3) 2 +(-l) 2 r V(l.l) 


W /'Ex-4: Find the unit vector normal to the surface .jd—yPf-z=2, 
Iptf t the point (1, —1, 2), [Rayl .Shankar 1981} 

0 Sol. The given surface is 

%}Kz)=x*—y±z— 2=-o.; ../l). 


We have grad fJd i+ 

- - - 2x 1—2^ j+k: 
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GRADIENT, DIVERGENCE AND CURL 

* • ■ i , - _ 

Now a vector normal to the surface (J) at the point (|, _1,2) 

= ■grad/at-the point (I, — \, 2)=2 i+ 2-j+fc. ' 

Hence the required[unit vector norma] to the surface (I) at 
the point (//—' 1,2) 

. grad/ .. 2i+2j+k : 2i+2j+k ; a / 

“ I r^d/1 ~ I 2i+2j+k { .-7(4+4+/-) = 3 ( 2 ‘+2j+k). 

Ex. 5. /Ac gradient and the unit normal to the level 

surface x 2 +j>+z—4 at the.point (2, 0, 0). 

Sol. The given surface-is - 

f (+ ‘ r r=r - 31 ' 2 ~i~y —2'—4—0. ...•(!)' 

/. atthe point+2 r 0, 0), grad/=i4 i+j—k. 

. ' Now a vector along the normal to the surface (1) at the point 
(2, 0,0) * - - 

,==grad/at the point (2, 0, 0)=4 i+j—k. 

Hence the required unit normal to the surface (1) at the point 
(2,0, 0). ' . ■ 

41+j-k . 4 i+j—k • 1 . —--T - 

’ | 4i+j—k J + 

Ex. 6. ~FindTnedireduonaI derivatives of a scalar poUTT func¬ 
tion f in the direction of coordinate axes. 

Sol. Th+grad/at any point (x; y, z) is the vector ~ : 

'. v +. dx df 8z 

The directional derivative' of fin the direction T3f i . • 

z.' Similarly the directional derivatives of f in the directions df j 
are k are -f - and ~~7 ~•. - • : . 

’ Ex : 7- Find Me directional derivative off (x, y, z)=x^yzf-Axz z 

. —2, —1) in /Ae direction of thejvector 2iUj—2k» 

'•W/ * ’ j . [All ah^Bad 1978] 

+: Sol. We.have /(x, y, z)=x*yz+4xz z : . . 

•=. »*^_grad f—(2xyzf4zJYif-x z z.}f(idy-\-%x~) k **.. - 

’ ot i t ru. .n_■ ^_i_^-,, - - ^. .. 
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VECTORS MADE BASY 


S 

© 


If a. be the unit vector in the-direction of the vector 2i—j— -2k, 


then a 


21—j—2k 2 . 1.2 


'Y(*+ H-4) " 3. 1 . 3 J 


k. 


Therefore the required directional derivative is- 

Since this is positive, / is increasing.in this direction. \ 

^ Ex. 8. Find the directional derivative of 
/(-*’, 7, z)=x 2 —27^4-4'z.?- 

a't th'e point (]/ 1, — 1) w.//?e direction of 2if j—Jc'. [Agra 1979] 

. Ahs. 8 f^/6. 

Ex. 9.. . Find the directional derivative, of ihe.function t 
if— ■ * 2 ~ 7 2 T-2z 2 //ze point P (1, 2, 3) in the direction of the line PQ 

Where O is the point (5, 0, 4)« ‘ " JAgra 1987] 

Sol.. Here grad /=K i+g j+ 

= 2xJ— 2y j+4z k—2i-4 j-fI2k at the point (1,2, 3). 

Also P<2—position vector of Q —position vector of P 

■ =(5i+0j/4k)-(i-j-2j+3k)=4i-2j+k. 

If a be the unit vector in the direction’ of the vector PQ, 


then a r.-.-. 


4i-2j+.k 4i-2j+k 


V(16+4 + l)- V(21). 

the required directional derivative 

4i-2j-bk| 


= (grad /). a= (2i-A}f 12k) 


28 28 vm)=t v<2i). 


/4i-2j-hk | 

1 vm l 


i: 
'■ - 


■ a /( 21)“21 v 3 
Ex. 10. Find- the directional derivatives of the function 
-——-- f=xyf-yz+zx ' 


in. the direction of the vector 2i-|-3j-| 6kVt the point (3, I ,.2). 

[Roiiiikhand 1980, 81; Agra 75] 
Sol. We have*/ {x, y, z) =xy-i-yz+zx--. 

■ ■/= (rf/dx)}-^(dffdy) j-f (dfjdz) k 
*• =(p4-^)*+(^+^)j+(A-+>)>k 

-(1 + 2) i4(2-f3) j+(3+1) k a{the point (3, 1,2) 
«r3«-+.'Sl-4-4k. - 




j: v ; 

o c. 

r-. 
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GRADIENT, piVERGEStCB AND CDgL. ' 

vectOT - * ,he ““ vect ° r 

J 2J+3fcf-i5fe. f -7 £2f-£-3j+6:lc)i 
-V the req:ufTed dIfgrtio M i ! derivative 

- - (g^d f)~z =([3£+5j^4k)y ( 2 i j- 3 j-f 6 k) 

-7 ( 3, + 5 i-F ; ^(2i+3j4-6k) 

: ; -4: (64 ’ 15 • 

/A j? X ' U ‘ ■ Bndtbe .d^tional-deriyative of <f>=xy+yz+zx in 

* teta,./ ( j eteteF£; f 2I+2i „■(, ' } tLtwS 

Sol. We have -/■ (t.y, ;•*) U , v . !•'« S2] 

... grad ^d$[dx)i+(d$[dy) ■fb(d'fi/dz)k' 

=(y+^) *+(zr^x) }+(x+;y) k 

.=(24-0) i-KO-f- 1 ) j+(j+ 2 ) k 

= 2 I+j+ 3 k at the point 0 , 2 , 0 ) 

If a be the unit vector in the direction of 0 ,- 
H- 2 j+ 2 k, then - ■ ion of the given vector 

3 __- i f- 2 j J 2k . . i+ 2 i+ 2 k' 1 

‘ Ti+ 2 j+ 21 c| 

the required directional derivative 
• —(grad ^)*a>=(2i+j+3Ic).£ (i+2j+2K) 

*4 =1(2 .+2+6)*=!° V % 

Ex. 12 . Find the; directional derivative oj" .. 

- a F the V<?int (1, -2, 1) /„ the direction of2i~js2kf: ' ........ 

4 Sol: Do vonr^f.^ • " tln^ore 1933J ~ 

1+ - : ^T 13, Obtain, the directional derivative of <f, ++Y + 

Sol. Do yourself. [Allahabad 1975] 

+ x ‘ I4 ‘ ri/w/ the directional derivativer of A. f* 

+"■+2.2 ), in the directions <fat the . 

• *< (i‘) r (iii) 1114 . 1 . r a .«o„ 
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VECTORS MAKE EASY 

Sol. We liavo.^ (x, . _ 

grad $=(2<i5/9x) H-;(3$/9y) 3^-(3^/3z) k=^ i+.ix j-^x ; p lk 
. ^ l -,^4i+4j+4kaj ijie.pointy 2, ; 2 j>. • 

:C * .‘@)-;'XSrei^oia-l derivative ©f # «t the point ((2,. 2. 2) in the 
direction of the unit vector! 

.' —grad 4> • i—(4i-:|~4j -;|- 4lt) *5—4. * 

(») Directional derivative of $ at the point (2, 2, 2) in the 
direction of .the unit vector] 

; =grad^. j=(4i+4j-f4k).J=4. 

,(iii)‘ Unit vector a m the diFectioh of-the vector i+H*k 

-H-H-E _ vB-f-k 
, .. -| i+j+k I #3 ' 

directional derivative of <f> at the ppmt (2,2/ 2) in the 
direction of the vector i-fdfk 

=^i?ad ^.a-(4i+4j'-f-4k). 1 £ j j~ k = l±ltj = .. JE.= 4V ^ 


V3 - V3 

Ex. 15. Find the directional derivative of<f>=xyzat (1, 2, 3) 
in the direction of the. Vector i. , --—- -—— -;- 

.Sol. Do yourself: - Ans. 6 , 

Ex.. 16. . Find the directional . derivative of ttie' function 
— xy^yz 2 4 ^zx 2 -along the tangent -to the curve x=t, y=t 2 ,z= t 3 at 

thepoint (1, 1,1). — 1 

Sol. Let 4> (x, y, Z)=xy 2 fyz 2 -fzx 2 .. 

. ■ - Then grad <f> r =(d<£l$x) i+(tyfdy) tj-f^/dzfk - - 

: =fc+2zx) Kf(z 2 +27g) j+(x*+2yz)k 

—3i+3j-l-3k^ at the point-( 1 , 1/1) ..' . 

-7 ~3 (i-f j+k). ^ 

s- Also for the curve x~t,]y=±t\ z^i s r we-haye* ' ' 

dxjdt—l, dyfdt==2t, dzfdt±=3t 2 . 

~~W. At the point ( 1 , I, I) on the curve x=t, y—t 2 , z—t 3 , we 
have f=L. r - ; ...: - 

Now a vector along the tangent to the above, curve at the 
/point, (x, y, z)_ .' \ \ 

-{dxjdt) \±-(dyjdi) ]-\-(dz{dt) k .. 

>v;4?V • :■ -i+' 2 r jrf3r 2 k. **' • -• 

Putting t = l, a vector along the tangent to the curve at the 

CW>.*-t4r / l * t 1\ I t Ol i Ol- 


£c 

jp 

£$ 
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GRADIENT, DlVjBRGENCB and curl 


If a be the unit vector in the direction of this tangent, then 
t+2j+3k i-f2j+3k 


a= 


. . I i+2j+3k {'~ ■_ 

the required directional derivative - 


—.3*grad <f> at (I, I, I) 


_ H-2H 3k . % 

V(M) r3 (*+I+ k ) - . 

. direction /Aef directional, derivative of 

<j>—x y-z from (1,1, 2) will be maximum and what is its magnitude 7 
^ ^ Me ™rface ~x*y 2 z= 2 at the paint 

•_ So]. - We know, that the directional .derivative of ^ at the 
poiotfx, y, z) is maximum in the direction of the normal to the- 
surface constant i.e., in the direction of the'vector grad <£. 

Now grad <f>=(d<f>/dx) i+(d$/dy) j+(d<f>J§z)k 
=2xy z z i+2x 2 yz j + x 2 /* k 
=4i-f-4j-f-k, at the point (1^1, 2). 

Hencethe directional derivative of ^atihepoint (I 1, 2) will 
lasiiunm. >.n the dn^ection^f-the Vector^fi[--f 4 j^k: 


^ in “"‘wuuu me vector ?RF{-.gjrpg— ■—-— 

Also the magnitude of-this maximum directional derivative 
=moduIus of grad ^ at (I, 1, 2 ) \ 

= I 4i+4j+k j — V^C 166-{-I)^= -\/(33)- 

The unit vector along the normal to • the. surface x 2 y z z=2 at 
the poirif-fl, 1, 2) . jf 

1 grad <f> 


at (1, 1, 2) 


I gfadT]'' 

4i-f-4j-fk. 4i-f4j+k 
1 4i+4j+k J " V(33jT 


T. 8 - Hud‘he greatest value of the directional derivative of 

ate function zyf—y — z* at the point (2, _ : I J). 

Sol. Let ^ (x, y, z)=2x z -~y~z*. 

-TJien grad <f=(d<f>/dx) i+(d<f>/dy) i+(d<f>fdz) k 


=4x i—j—4z® k 


i~4k. ait the point (2, —1, 1). 

Now the greatest vain* u 
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‘ VECTORS MADB BASY 

=modulus of-jgrad <f> at the point (2, — 1,1) 

= j 8i-j=4k I -V[8 2 +(-1) e +(—4) 2 ] =V(64+1-f-16)=9- 
Ex. 19- Find the maximum value of the directional derivative 
of <f>—x 2 yz at thefoint (1, 4, 1). [Bombay 1970] 

Sol. We baVe grad <f>=(dfjdx) i-h(d4>fdy) }-}-(d<f>/dz) k 
- = 2xyz i -\rx 2 z j -fx 2 y k J • 

— 8i-|-j-j-4k, at the point (1, 4, 1). 

Now the maximum valqe of the. directional derivative of 
$—x*yz &t tbe point (1, 4> 1) 

=: (grad <J> at-the point/1, 4,. 1 ) | - • • • 

= | 8i^j f4k j -V(8 2 f iH4 2 )--V(»l)^ : 9. 

Ex. 20. Calculate the maximum rate of change and the corres¬ 
ponding-direction for" the function f=x 3 y 3 z 4 at the point 2i-f-3j—k- 

[Allahabad 1982] 

Sol. The coordinates of . the point whose position vector is 
2i-|-3j-~k arer(2 ,± 1 > . — 

We have grad <f>=(d<f>Jd.x) l+(d$'/dy) }+(dfjdz) k 
^=2xy 3 z l i±3x z y 3 z i j-fdx^Az 3 k . * 

= 108i-f- I08j—432 k, at the point (2, 3,-1) 1 

= 108 (i-fj—4 k): • . 

-Now the rate of change off .(i.el, the directional derivative 
of f) at the point (2, 3, — 1) is maximum iri the direction_of the 
vector grad f at -this, point i.e., . in the direction of the vector 

108 4k). 

Also the magnitude qf the maximum rate of change=modu¬ 
lus of grad f at the- point (2, 3, — 1) 

; - |*108. (i+j-4jc) | = 108 j i-j-j--4k |. 

= 108V[ l 2 4-1 2 +C—4) a J=108-v/( 18)=324V 2 - .. 

Ex. 21. -Find the values of the constants, a, b, c so .that: ihe 
directional derivative.of <J> ■== ax 3 +£ry. a +cz 2 at (1/ 1/2) has a maxi-.: 
mum magnitude 4 in the direction parallel to v-axis. 

Sol _ We ha ve grad <f > - (^ /3. T)7 ^(a^'8;') j+l& idz) k 
=F2ax\-f'lby j-f-2cz k 
’ =2a X-f2bl-f-4c k,;.at the point (1, 1, 2). 

Now .the directional derivative of j> at. the point (1, 1/2); is 
maximum in the direction of- the vector grad ^ at this point. 
According to the question this directional derivative, is maximum, 
in the direction parallel to. p-axis - i.e., in the direction parallel 
to the vector j. So if the direction of the Vector 2a|4-2hj+'4c £ 


a * 

a - 

I A 
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GRADIENT, divergence and curl - 

is parallel to the vector j.v/e must have 2a=0 4 c _n lV ' n 

and Cj=0. - • l ’ e '> a==0 

Then grad <j> at (1, 2)=26j. 

Also the maximum-value of directional derivative 

y - _ .. . ; ' 

• * * 4= | 26j j, since according to the nimctinn . • 

> value of directional derivative is 4. ; ' maximum 

2 b=4 or - b~ 2 : • 

Hence (7=0, £ = 2, C—0. 

Sol. : We have grad/=2xi—4j;j-f8zk • 

~2i 4j 8k at the point (1 ] —]) 
Of^^p , “ Ve ° r ^ iS 'Redirection 

The maximum value of this directional derivative 

Hgradf[^2r~4i^Sk\=V(4 + U+64)^ V . ( S4r=2V(2l) 

Forthefmc,ion ^yK^.f-), find the mine of the 
directional derivative making an angle 30 b with the ' 

~ r aTihe point (0, 1). - the Positive x-axis 

•Sol. We have grad 'i-i - 


[Agra 1981] 


dx *Tdy J ~ 


—2xy x*—y ...... . 

(x 2 -f-yt ) 2 ~ t ~(x*-l-y 2 ) 2 J ~~3 at the point (0, 1 ); 


a=cos 30° i-fsin 30 o 'j= V 3 ^ j jj 




r30 o j=; 

the required directiona j- derivative is 
-grad/.a=(-j). ^ i + f j| _ 


o 4 3j r “ ' Ae rme nr rfe ' - 

Sol. We have yu=y& i+xz 2 j+2xyz k [Agr.ISSo,. 

' * at the point (1, 0, 3), we have 

* v«=0 i-i-9 j-f-0 k=9 j. 

*• The greatest rate of increase of u at the point (1, 0, 3) 

= the maximum value of £ at: the point(!; 0, ^ ’ , 


.-d 

1 
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VECTORS MADfe EASY 


— | v« |> at the point (1, Q, 3) 

' =| 9j 1=9.. ’ ... ' 

Ex. 25. Show that the directional derivative of a scalar point 
function at any.point along any tangent line to the. level surface at 
the point is zero. ■<* . . 

Sol.Let/ (x,y,zj be a scalar'pQint function and let a be a 
unit vector alobg a tangent line to tie level surface f (x, y; z)—c. 

We know tliat yf is a-normal vector at any point-of the 
surface/ (x, y, z)=c.. Therefore the vectors yf and a are oer- 
pendicular. ' _' 

Now the directional derivative of/in the direction cf a 
=a*V/^0. - 

Ex. 26. Find the equations of-the tangent plane and. normal to 
the surface2xz 2 —3xy—4x=l at thepoint (I, —1, 2). 

Sol; The equation of the surface is - 

f(x, y, z)=2xz 2 — 3xy^4x=l. '■ ■ - 

~ We have_grad f=(2z~-?>y-\-4) i— 3x j-j-dxz - k — . 

=7i—3j+8k, at the point (1, — 1, 2). 

7i—3j+-8k is a vector along the normal to the- surface at 
the point(], — ], 2). 

The position vector of the point (1, -1, 2) is = r=i—j4-2k. 

If R=A r Lr|-7 r j+Zk is. the position vector of any current point 
(X, Y, Z) on the tangent plane at (], - 1 , 2), then the vector R—r 
is perpendicular to-the-vector graxf fr —-—r :— : — ' ~ 

. .*. the equation of the tangent plane is 
(R-vf)-grad/=0, 

i.e, FfXi+ Yj -fZk)-(i - j-f 2 k)} -(7i- 3j+8k)- 0, 

i.e. '•_ {(2f—-1) i+(T4-l), jri(Z—2)k}«(7i—3j-{-8k)—0, "V 

i.e. 1 (X — 1 )—3 (T‘-f-l)+8 (Z—2)=0. 

The. equations of the normal to the. surface at the point 
(I, —1*2) ate ■ 

x-l Y- i-1 Z—2 . X— 1 T--J -1 Z—2 

' v t.e. 


d l 

dx 


r 

dy 


d L 

dz- 


-3 


8 


Ex. 27-. Find the equations of the tangent plane and normal to 
the surface xyz—4 at the point (\, 2, 2). [Meerut 1991 P, Agra 82] 

Sol. The equation of the surface is 

f (x, y , z)^xyz— 4=0. - 

We have grad f=yzi-{-xzj-\-xyk 
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GRADIENT, DIVERGENCE AND. CURL 

-4i+2jH-2k; at the point (1, 2, 2) 

,‘ 1 / i I + ?t 2,C is a vect ° r along the normal to the.surface at 
the point (1, 2, 2).. • at 

«Sp 55 S'T , ' ,,! "- ***** 

• f, ^Rr-r)'grad/-0, .. ' ' 

! e - . .{(^i+ri+2lc)-;(i+2i-f 2 k)}.(4i+2j+2fc')=0 

7 ; e * {(^-1) i+(r-2) i+ ( z-2k}.( 4 i/ 2 i+2kto 

*M„ ■ . 4 (A'. !) !2 :( r.. 2). + . 2 y_2)5 ■ ’ * 

l ‘ e ~ 4X+2Y+2Z=J 12, /.e. 2X-f T-fZ^. 

The equations of the normal to the surface i- 
(1, % 2) are - SUrfaCC aC the P<>mt 

X--.1 y—2 Z—2 - : 

. ~ ’ .. ; 

. d x dy ■ dz \ 


i.e. 


X~b T—2~Z-2 . 




x—i r—2 


Z—2 

I 


■j>z- 


"SoIT The equation of the given surface is 
/(^ z)=jez— zx+xjt4-5 = o; 

We have^grad/-(9/^) i+^aj) jf ( 9 // 3z ) fc ' ' 

"•=(—i+Cz+AO i f-.Oi-^ k 

=—3i-f3j—2k, at the point (1, — ] , 2). 

~3i+3j-2k is a vector along the normal -to the surface 
’, z) --0 at the point (], \ r 2). 

; The position'vector of the point ( 1 ;-- 2 } 

=?-r-j+2k=r, say. . . . - ' 

■ A- y f y> - Vi ' l jiZk is ,he position vector of any current point 
t^nt plane is I ( ’ . 1 ' 2 >-^equatton of the 

• * - - (R—r)*grad f—d 

W i ^W^^(i^i+2l0} H --3i+3i--2k,= : 0i: 

1? *+ (r+ J) M Z ~ 2 ) k>-(—3iT-3j—2k)-0 - • 

~ 3 (X- i)-f3 (r+i)-2 (Z^-2)=0 * 

-3XT-3T-2Z+3 +3-^4—0 - 

-3X~3Y+2Z=10. - ■ - 


i.e v> 

or 


or 
‘ v or 
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VECTORS MADE BASY 

Ex. 29. FmJ the equations of the tangent plane and normal to 
the surface z—x z -\-y z at the point (2, — 1,5).- .- 

Sol. The equation of the given surface is : . 

f if , y, z)=x z fy z —z=Of ^_...(1) 

We have grad f—(dfjdx) }-h(pffdy) j-p(3/7c? z ) k ' 

=2jci-f-2)>j—k " 1 

= 4i—2j—k, at the point (2, —1, 5). 

4i—2j—k is a vector along the normal to the surface (l) 
at the point (2, — 1, 5) pe., . perpendicular to the tangent plane 
to. the surface (1) at the point (2, — 1, 5).. 

Hence the equation of the tangent plane to the surface (1): at 
the point- (2, -1, 5) is 

. {(jd-pTJ + /k) —(2i —j+5k)} ♦ (41—2j—k)—. 0 
or {(x-2) i+(y+l) j-P(z-5) k}.(4i-2j-k)=0- 
or 4 (x—2)—2 (y-p 1}—(z—5)=0 • , 

or 4x— 2y—z=5. 

Th& equations of the normal to the surface (1) at the point 
(2, — 1, 5) are 

x—2. y-\- 1 z—5 

8 f/dx = dfjdy ^dffiz 
x —2 y- p 1 . z—5 


i.e.. 


— I 


Ex. 30. Find tire- equations o f the -tangent -plane~and nurmul~to ~~ 
the surface x z -\-)r -{ 7 z 2 —25 at the point (4, 0, 3). 

Sol. The given surface is / (x, y, z)=x z f-y 2 'f z z —2 5—0 ' - - 

► ‘ ....... .(1) 

We have grad ' , . ■ ■ . * 

=8i-p0j j-6k, at the point (4, 0, 3). 

- the direction cosines of the normal to the surface (I) at 
the point (4, 0, 3) are proportional to 8, 0, 6. ; 

Hence the equation of the tangent plane to the surface ( l)- 
at the point (4, 0, 3) is 

8 (x—4)+0O— 0)^6 (z— 3)=0 or - dx - } 3x-2 - 5 - 


The equations- of the normal to the surface (1) at the'point. 
(4, 0, 3) are 

4. y ■ z —3 
^6- 1 


x —4 7 - 7-0 z—3 . x- 

i.e:. 


8 “ 0 “ 6 4 -0“ 3 

Ex - 31 . Given (hecunvepf-fyZ-Fz 2 = 1, x+v+z^l, (intersect 
.Hon of two surfaces) r find the -equations of 'the tangent line at the 
point ( 1 , 0 , 0). ‘ . [Agra 1983] 
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GRADIENT, DIVERGENCE AND COIU, _ 

Sol. A nonnai to x 2 2 2 == i at (1,0, 0) is 

grad / f = grad (x z ±y 2 +z*)=2xi+2yj+ s 2zk=2L 
A normal to x+y+z^lat(l, 0, 0) is 
grad = ii + 1 j + i k ^| +k 

T he tangent hnc at the. point ( 1 , 0,- 0) is perpendicular to both 
these normals:. Therefore it is parallel to the vector 
’ . (grad fj) x (grad-/+ . . 

Now (grad fj)x (grad/J -=2ix (i+j+k) 

=2iXj+2ixJc+2k-2j=0i—2j+2k, - ‘ ' 

/t equations of the line through the point 

\1, 0, 0) and parallel-to. the vector 01_*2j+2k ^ 

The required equations are 
- X—l ..Y ~0 Z ~0 


i-e-. 


o 

Y Z 

^ f 


" . 32 ' Fmd lh z. angle between the surfaces x z +y z -f~ z 2 ±=9 

and z=x 2 -f yS—3 at the point ( 2 , — 1 , 2 ). ' 

c , . . ' [Meerut 1991S; Kanpur 78,80] 

. . ?° ,/" g ' e i f WeeD !W ° sur&ces '« * point is the angle 

between-the normals to the surfaces at the point. 

Let _/.. ./ 

Then grad f = 2xi-y'2yj + 2zk and grad / 2 =2xx+2.yj—k-' 
poinH2.T7 8 2) d 4e“ he POfa ' P- ->• 2 ) ** f^gtad/, at thi 

ni=4i—2j-f-4k and n 2 ~4i^2j—k. 

the “of nd r?o normals to the two surfaces at 

P® \ > > ). If O. is the angle between these vectors then 

•, . . n i’h 2 =J Qj j | n 3 J cos 0 
• ° r - 16+4—4 A/(I6+4+i6)y'(16+4+I)oos-0. 

n - -- 16 - o . 

^ 1 ^ °y(^i) - 3V(21).‘ - ' 

/ ^ , ® X * Findlheangle of intersection at(4, - 3 , 2 ) of spheres 

J?+y +2?=pandx*+y*+z*-l--4x~6y-8z^47~0. 

Sol. Let^j=x 2 +j>^+2 2 —29 and/ 2 =jr 2 +_g 2 +z2+4x: : . 

Then'grad/ 1 =2^ i+ 2 yj+ 2 zk ! ... ' ~ 6 T~ 8;r—.47. 

and grad/ 2 =(2x+4) i+(2/-6) j+(2z-8)k„ 

Let lij.—grad/i at. the point (4,—3, 2 ) 

andn 2 ~grad/ 2 atthepoint (4, -3,2). Then 
, _ n a =8i~6j+4k:=2 (4i—3j+2k) 

and n 2 =12i—12j—4k—4(3i/-3j_ k ) - . . 
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. VECTORS MADE EASY 

- vec t° rs n i ap d p are along normals to the two spheres; at 

the point (4, 3, 2) and the angle 0 between these two vectors is 

the angle of intersection of the two spheres at the point (4, —3, 2). 

8 (12+9-2) 

2V(16+9+4).4 V(9+9+1) ! 


We have cos;-6=~ 




■v 



p i ,n 2 

®X I I- n 2 
19 


# 

© 

© 

i$s 

# 

© 

© 


•# 

# 

© • 
@ 

• 0;.,; 


.•■An 
-,-( 2 ) 
It will 


V(29). V(19) 

or^/ Q^cos-^C 19/29). 1 

/vj : Ex, 34. F/mf the . Constants a and. b ■■ so that the surface. 
.,dx 2 -hyz= (a+2) x will be orthogonal to life surface' 4x 2 y+z?=4 at 
the point (1, —1, 2). .■ 

Sol. The given surfaces, are - ' : . 

' fi=ax z — byz~ (a+2) x=0 ... - 

and fi=4x 2 y -fzf —4=0 

The point (1,'^-1, 2) obviously .lies on the 'surface'(2}. 
also lie.on the surface (1) if ! *. * 

• . ; a+2b— (a+2)=0 or 23-2 = 0 or 3=1. _ 

Now grad/i=[2hx—(tf+2)] i-fe j^3jg k ' 

and grad/ 2 :=8x^ i‘+4x 3 j-f-3z 3 k. 

Then. ni = grad /, at the point (1, -1, 2)=(a-2) i—23j+3k 
and n 2 =grad/ 2 at .the point (1, ^'l/2) = -8i+4j+12kr——- 
The vectors n r and n 2 are along the normals to the surfaces 
(1) and (2) at the point (I, - 1, -2).. These' surfaces will-intersect 
orthogonally at the point (1, —1, 2) if the vectors n 2 ana h 3 are 
perpendicular /.<?., ifn 1 -n 2 --0. 

or —8 (a—2)—834-123=0 or 3—2a-j-4'=0 ‘ . ...(3) 

Biit 3= 1, as already found: 

^£uttrng^v= 1 in (3), we get *=5/2. . Ans. 4=5/2, 3=1. 

.^ x * K-ytf ^ Qn d ffre point functions, .show that, the com¬ 
ponents oft he former tangential and normal to the level surface 

• (V/) 2 (V/) 2 

Sol. The unit normal vector to the surface/=0 is *~“ 

i 7/ . ‘ 

■ Iv/f 

The magnitude of the component of F along the normal 

V/ 




=F- 


lv/1 
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§ var f a nc e. 

/' ■qieore^.1, . .Show that under a rotation of rectangular axes 
the origin remaining the same, the Meter differential operator V 
remains invariant. _ 

Proof. Let O be the fixed origin. Let Ox, Oy, Oz be one 
system of rectangular axes and Ox', Oy\ Oz' be the other system 
of rectangular axes. Take i, j, k as unit vectors along Ox Ov Oz 
and T, j', k' as unit vectors along ,0.x-; Oy', Oz'. Let 7> ’ be any 
point in space-whose co-ordinates are (x,,y, z ) or <'x' y' z ') ■ wTfh 
respect-to ; the. two systems of axes. Let % min, ^ „ 2 , 
4, m z , n z be the direction Cosines of the lines Ox', Oy', Oz' with 
respect to the co-ordinate axes Ox, Oy, Oz. 

The .scheme of transformation will be as follows : 

y—hx-^mzy-^-Ti-iZy 
z'=hx + m 3 yy-n 3 zj 

Alao we know that if /, m , „ are the direction cosines of a 
line, then a unit, vector along that lias is ZL+mj+nt where i j t 
^re u mt vectors along co-ordinate axes. Therefore 
* r =4j+Wij-t-njk ) . 

7 '$■ Y=h i~hm 2 j^hn 2 k k ro\ ■ 

K'=7 3 i-bin 3 j-fn 3 k J — ' 

If V is any function (vector or scalar) of x, y, z, then 
<W = dV e?\dV dy dV dz' ■ ’ *- - 

dx dx' dx dy' dx + dz' dx ' - ' 

r —=— -JL+W ,d£ d 

dx ' dx dx'^dx dy'^ dx dz 7 ' 


-0) 


But from (1), g-;,, V 


dx 


-i 

■ ex ~ a - 


Similarly 


—=/ —4-7 d nr d 
dx l dx ,+l * dy' +l3 di' 

d _ d 

y-=nh y~,_~rin 
dy dx 

d 


d ; a 

'** ^7 -f-w a 


ay 


dz' 


I 

I 

i 

c 

I 


...(3) 


■ 0 ] 

© 


a ^ d • - d d J \ 
3z-' l ‘3Z-+”*3y+»’ W , j 


^ Multiplying tlte equations (3) by i, j, k respectively,: adding 

and using the results (2), we get , - . ng 
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J. 

fi 


• : d . . d .. d d ■ ., d , t , .5 

Theorem 2. * 7/*^ ( x y, z) £y a scalar invariant with respect to 
. a rotation of axes , then grad <p is a vector invariant under this trans¬ 
formation. .. ^ -* - ■ 

Proof. First proceed exactly in the same manner as in theo¬ 
rem 1 and obtain the equations (1) and (2). 

Now suppose the .function f (r,j, z) becomes, y (x',y' y z') 
after rotation of axes. Then by hypothesis f ( x > T, z ) =<f>’ ipd, z')- 

By.chain rule of differentiation, we have 

- dy d£ djd 

dx dx' dx dy' dx dz r dx~ - . 

m from (1), . • * -• • 

• d t-r d£f- dy 

■ ■ ■ dx 1 dx' +2 ldy' +3 f z ' 


1 


Similarly 


and 


di> dy -.dy . dy 

dy~ mi dx' +m * dj' +m3 1? 

d4>_ dy dy dy 

d~z~ ni dy_ +n * dy +tlz 3? 


> 

I 

J 

J 


-(3) 


— Multiplying these equations by i, j, k respectively, adding-and 
using the results ( 2 ), we get — 

;!£+,-?£ +k . ?£ 

. dx ' ’ dy 1 dx' +! dfJ K 3z‘ 

or grad ^=grad y. 

Th.eorehJr3 J IfV(x, y, z) is.a'.vector function invariant with 

respect to a rotation of axes, then div Y is da scalar invariant under 

this transformation. 

Proof. First proceed exactly in the same manner as in 
theorems 1 and 2. - v. k ' ;; 

~TNow .suppose the function -V (x, y, z),becomes V' (x r , y , z r ) 
after rotation of axes. Then by hypothesis 

: V(x,y, z)=V''(x',y',z').; : . 

By chain rule of differentiation, we have • • 

dv = dV' df.dV' dy' .dV' dz' * - - . 

dx. dx' dx ‘ dy' dx 1 'W~dxf f 

B»t from (1). %-h; .;; \ ’ V 


I 


AS 


fe 
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dv 

dx 
dY - 


-k 


and 


av 

a ?- = " 1 


5V' av' 

yy +/ * ay 

-+4 

3Y 

dY' 


dx’ >m2 dv'. 

-f ur 3 

dY’ 

3Y 


3x' ~ r ” 2 ajT 

-f/; 3 


3Y2 

dz’ 

dY 

dz' 

av 

dY~ 


VECTOR CALCULUS. 

1 


I 

I 

* 

I 


■■ (3) 


*1 

J 


5 1U _ UU UI cnes e three equatior 
ively, adding and using the results (2), we get 

dv / av 


dV 


or _ div y=div V'; •• •- - . - . ■ 

Theorem 4. ff V (*, y, z) a vector function invariant d 
a rotation of axes then carl V t* „ r junction invariant under 

tion . ’ 7 V w * v ' £cro7: • under this rota- 

-Iir place ofTaTiV. TTf Y J1 \ the sdme manner as in theorem 3.' 
prod^^f d<>, ~ 0f ^«o„ s (3), « b cros. 

• dY - dV AV 

,x te+ixf+kx 3V 

or 


3z 

curl V=curl V'. 




'dz' 


m- 


2ZX 


£3 

»s 

ES 


;# 
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